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!The  present  edition  of  this  book  has  been  carefully  revised, 
• ;and  it  is  hoped  that  most  of  the  errors,  'which  are  apt  to 
I ^ pccur  in  the  first  edition  of  a mathematical  book,  have  been 
^ jeliminated.  An  important  alteration  has  been  made,  which 
jcommences  on  page  44,  where  the  relation  between  electro- 
jmotive-force,  resistance,  inductance,  &c.,  in  an  electric 
(circuit  has  been  shown  graphically. 

t'  The  formulae  for  the  displacement,  velocity,  and  acceler- 
tion  of  the  piston  of  a steam  engine,  for  any  crank  angle, 
ave  alsobeen  added. 

I Many  additional  examples  have  been  given  at  the  end 
lof  some  of  the  chapters. 

In  the  Appendix  will  be  found  the  method  of  finding 
the  centre  of  areas  and  centre  of  mass  both  in  rectangular 
and  polar  co-ordinates,  the  theorem  of  parallel  axes,  pressure 
on  an  immersed  area,  and  depth  of  centre  of  pressure, 
Vibrations  natural  and  forced,  which  it  is  hoped  will  make 
the  book  more  complete. 

The  author  takes  this  opportunity  to  thank  many  readers 
for  their  suggestions,  which  have  been  acted  upon  as  far  as 
possible. 

J.  G. 

Technical  College, 

'Leonard  Street,  E.C.,  1900. 

(iGGBO 
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PEEFACE. 


It  is  generally  admitted  that  there  are  very  few  hoots,  if 
any,  published  on  the  Calculus  which  are  suitable  for  the 
requirements  of  engineering  students. 

There  are  many  excellent  works  on  the  subject,  but, 
unfortunately,  most  of  them  are  too  advanced,  and  contain 
more  matter  of  a purely  mathematical  character  than  the 
ajverage  engineering  student  requires.  It  has,  therefore, 
l^)een  my  aim  in  writing  this  book  to  put  before  the  student 
ajs  much,  as  space  will  permit,  of  the  subject  as  he  may 
rjequire  in  actual  practice.  I have  endeavoured  to  present 
tjhe  matter  in  as  simple  and  practical  a manner  a^possible, 
illustrating  each  part  by  examples  fully  worked  out. 

. j To  Professor  J.  Perry,  M.E.,  D.Sc.,  F.E.S.,  I am  entirely 
mdebted  for  the  greater  number  of  the  practical  problems 
aiud  examples,  and  also  for  the  practical  way  in  which 
Flourier’s  Expansion  is  treated.  His  lines  of  teaching  have 
hifyGH  adopted  as  far  as  the  subject  is  treated,  although  justice 
mjay  not  have  been  done  to  his  methods. 

] In  compiling  this  treatise  I have  consulted  the  works  of 
^’oole,  Todhunter  and  Williamson. 

j My  thanks  are  due  to  my  colleagues  and  friends  for 
valuable  assistance  rendered  by  way  of  checking  examples,  &c. 

Hints  or  suggestions  by  the  reader  will  be  considered  a 
flavour. 

' J.  GRAHAM. 

\ Technical  College,  Finsbury  : 

\ March  1896. 
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DIFFEEENTIAL  CALCULUS. 


CHAPTER  L 
Art.  I. — Function. 


When  two  quantities  are  so  related  that  if  one  undergoes 
any  change  in  value  the  other  undergoes  a corresponding 
change,  one  of  the  quantities  is  said  to  be  a function  of  the 
other.  For  instance,  the  area  of  a triangle,  of  constant 
height,  varies  directly  as  its  base ; therefore  its  area  is  a 
function  of  its  base.  The  intensity  of  light  varies  inversely 
as  the  square  of  the  distance,  and  we  say  that  the  intensity 
is  a function  of  the  distance.  The  surface  of  a sphere  varies 
directly  as  the  square  of  its  diameter ; therefore  its  surface 
is  a function  of  its  diameter. 

Any  analytical  expression  involving  a variable  quantity 
is  said  to  be  a function  of  that  variable. 

The  algebraic  expressions — x,  x + a,  3 x a b, 

a + X 


(x  — c)^,  — 


are  all  algebraic  functions  of  x. 


The  expressions,  sin  x,  cos  x,  tan  a?,  log  x,  e*,  a are  said 
to  be  transcendental  functions  of  x ; since  they  do  not  admit  of 
being  expressed  in  finite  terms. 

Functions  are  usually  denoted  by  prefixing  one  of  the 
characters  /,  <^,  xj/,  &c.,  to  the  variable.  Thus  f {x),  </>  (aj), 
if/  (a;),  &c.,  may  represent  functions  of  the  variable  a?.  For 
instance,  instead  of  3 — 4 a?  + 9,  we  may  denote  this 

expression  by  / (a;). 
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THE  DIFFERENTIAL  CALCULUS. 


Art.  2.— Relation  between  Function  and  Variable. 


Let  us  take,  for  example,  the  function 


If  we  assign  to 


X any  numerical  value  the  function  will  have  a corresponding 
value. 

Let  us  assign  to  x the  values  1,  2,  3,  4,  &c.,  then  the 

QHp" 

function  — will  have  the  values  *2,  *8,  1*8,  3*2,  &c., 
5 


respectively. 

The  student  will  observe  that  as  x increases  from  1 to  2 
the  function  is  thereby  increased  from  *2  to  *8,  and  as  x 
increases  from  2 to  3 the  function  is  increased  from  * 8 to  1 * 8, 
and  as  x increases  from  3 to  4 the  function  is  increased  from 
1*8  to  3*2. 

Observe  that  as  x increases  by  equal  and  finite  increments 
the  function  does  not  increase  by  equal  increments,  but  the 
increase  of  the  function  depends  upon  the  assigned  value  of 
a,  from  which  it  is  supposed  to  increase. 

In  the  above  function,  as  x increases  the  increment  of  the 
function  is  positive  ; but  the  increment  of  a function  may  be 
positive,  negative,  or  zero,  depending  upon  the  form  of  the 
function  and  also  upon  the  assigned  value  of  x. 

In  the  differential  calculus  we  investigate  the  change 
which  a function  undergoes  when  the  variable  upon  which 
it  depends  is  increased  by  an  indefinitely  small  quantity; 
and  the  practical  utility  of  the  subject  depends  upon  the 
degree  of  rapidity  with  which  the  function  varies  when  the 
variable  upon  which  it  depends  varies  from  some  assigned 
value. 

In  the  example  under  consideration  x is  called  the  inde- 
pendent  variable,  and  the  function  y the  dependent  variable ; 
because  the  value  of  the  function  depends  upon  whatever 
value  we  assign  to  x. 
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Art.  3. —Representation  of  Functions  and 
Differential  Coefficients. 

In  Fig.  1,  0 P Q is  a curve,  whose  equation  is  ^ ^ 

showing  the  relation  between  the 
function  y and  the  variable  x. 

Distances  along  0 X represent  the 
srariable  and  distances  along  0 Y 
the  function  y. 

. 1^0 
At  the  point  P,  a?  = 4,  and  y = 


Q,x  = 6, 


5 
36 


Whilst  X increases  from  4 to  6 the 
function  y is  increased  from  3^  to  7^^ 
that  is,  if  increment  of  a;  is  2 the  increment  of  the  function 
is  4 ; therefore 


Increment  of  2/  _ 4 
Increment  of  a;  2 ’ 

where  the  increment  of  x is  finite. 

Again,  on  referring  to  the  curve,  suppose  P fixed,  and 
let  Q gradually  move  indefinitely  near  to  P,  the  line  P Q 
will  turn  about  P ; consequently 

Increment  of  y 
Increment  of  x 


will  continually  vary  until  Q is  indefinitely  near  to  P,  and 
when  Q and  P are  indefinitely  near  the  straight  line  drawn 
through  them  is  a tangent  to  the  curve  0 P Q,  and  for  that 
position  of  the  line  through  P Q,  the  increment  of  Q E,  and 
the  increment  of  x,  PE,  are  indefinitely  small.  Denoting 
these  values  of  Q E and  P E by  d y and  d x respectively,  we 

have  ^ = tangent  of  the  inclination  of  the  curve  0 P Q,  at 

the  point  P,  to  the  axis  of  X. 

B 2 
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This  ratio  or  increment  of  function,  y,  to  increment 
d so 

of  variable,  a?,  when  the  increment  of  x is  indefinitely  small, 
is  called  the  differential  coefficient  of  the  function  with  respect 
to  the  variable  or  first  derived  function.  It  is  obvious  that  the 
value  of  this  ratio  depends  upon  the  position  of  the  point  P 
on  the  curve. 

Another  way  of  expressing  a differential  coefficient  is  as 
follows. 

Let  y — f (cc)y  and  suppose  x to  receive  an  indefinitely 
small  increment,  d x,  and  in  consequence  let  the  increment 
of  y he  dy;  therefore 


=/(a;-f-dx)  -/(«). 

Hence 

^ _ /(^  + -/C^) 

dx  ^ d X 

t 

A differential  coefficient  may  also  be  illustrated  in  the 
following  way. 

Suppose  a railway  train  to  run  from  one  town  to  another 
60  miles  distant,  in  2 hours,  its  average  velocity  is  25  miles 

an  hour ; but  during  an  hour 
its  velocity  at  one  time  may 
be  at  the  rate  of  60  miles  an 
hour  or  more,  and  at  another 
time  it  may  be  6 miles  an 
hour,  or  0,  if  it  comes  to  rest. 
If  we  plot  time  t horizontally 
and  distance  s vertically,  the 
distance  being  0 when  the 
time  is  0,  the  slope  of  the 
curve  at  any  point  will  re- 
present the  true  velocity  at  that  instant.  For  let  s,  denote 
the  space  passed  over  in  t^  seconds,  and  the  space  passed 
over  in  seconds,  then  = v t^  and  = v where  v 
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is  the  average  velocity  ; therefore,  by  subtracting,  we 
have 

- S,=  V (J;,  - <,), 

or 


If  we  make  the  difference  between  and  t,  indefinitely 
small,  and  consequently  the  difference  between  s,,  and  s, 
indefinitely  small,  we  have 


where  ds  = s,,  — s,,  and  d t = ; that  is,  the  velocity  at 

any  instant  is  the  rate  at  which  distance  increases  as  time 
increases,  or  it  is  the  slope  of  the  curve.  Similarly,  an 
acceleration  a may  be  shown  to  be 


that  is. 


Hence  an  acceleration  is  the  rate  at  which  a velocity 
increases  as  time  increases,  or  rate  of  change  of  slope. 


Art.  4. — Differentiation 


is  the  process  of  finding  the  differential  coefficient  of  a func- 
tion. 

We  proceed  to  illustrate  this  process  by  means  of  a few 
examples. 

(1.)  Let 

2/  = “g" 

Suppose  X to  receive  a finite  increment  which  we  shall 
denote  by  8 a?  (here  8 a?  is  equivalent  to  P K in  Fig.  1),  and 
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in  consequence  let  y become  y + (here  8 ?/ is  equivalent  t. 
Q B in  Fig.  1)  ; therefore 

y ^ y ^ g . . • • • (8) 

Subtracting  (a)  from  (&)  we  get 

Sy  = ^ X Sx  (8 xy. 

5 5 

Now  suppose  8 a;  to  get  smaller  and  smaller  until  it  be- 
comes indefinitely  small.  (This  is  equivalent  to  the  point 
Q moving  along  the  curve  in  Fig.  1,  until  it  approaches  in- 
definitely near  to  P),  and  let  this  value  be  denoted  by  d x, 
and  let  the  corresponding  value  of  8 1/  be  denoted  by  d y. 

2 

Then  dy  = - x d x the  square  of  an  indefinitely  smaV 
o 

quantity,  which  may  be  neglected. 


dy  = -xdx* 
5 


(«) 


The  student  may  here  ask,  why  has  the  square  of  an  in 

2 

definitely  small  term  been  neglected,  when  the  term  t ^ d 

o 

which  is  also  indefinitely  small,  ha 
not  been  neglected  ? In  answer  to 
this,  let  us  consider  the  portion  of 
the  curve  between  P and  Q,  when  the 
distance  between  these  points  is,  say, 
one-millionth  of  an  inch,  and  let  this 
distance  be  magnified  one  million 
times. 

In  Fig.  3,  P S is  a portion  of  the 
tangent  to  the  curve  at  the  point  P, 
R Q representing  the  true  value  of  8 ?/,  and  E S repre- 
senting its  value  when  the  aforesaid  term  is  neglected. 
Now  suppose  the  distance  P Q to  become  indefinitely  small, 
it  is  obvious  that  the  distance  Q S will  in  consequence 
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become  indefinitely  small  in  comparison  with  E S,  that  is,  d y, 
which  is  also  indefinitely  small. 


In  equation  (c)  dy  or  its  equivalent  -xdxis  called  the 

o 


differential  of  the  function,  and  is  always  an  indefinitely 
small  quantit}’’,  since  one  of  its  factors,  namely,  the  increment 
of  the  independent  variable,  is  infinitely  small.  • 

Divide  both  sides  of  equation  (c)  by  c?  x. 


{d) 


= - X.  . . 

dx  o 

. 2 . 

That  is,  differential  coefficient  of 


depends  on  whatever  value  we  assign  to  x. 

The  student  should  remember  the  distinction  between 
differential  and  differential  coefficient,  the  former  being  always 
infinitely  small;  the  latter  may  have  any  value,  since  it 
represents  the  tangent  of  an  angle. 

If  we  substitute  4 for  x,  in  equation  (c?),  we  get 


dy  2 . 8 

^ - X 4 = -. 

d X o 5 


On  referring  to  Fig.  1,  we  find  that  the  tangent  to  the 
I curve,  at  the  point  P,  whose  abscissa  is  4,  makes  an  angle 


(2.)  Let 


) 

f(x),  or  y = 2x  + 7,  . . . • (a) 


and  suppose  x increased  by  an  indefinitely  small  quantity  d x, 
ind  let  the  corresponding  change  in  the  function,  or  y,  be 
JLenoted  by  d y.  Then 


y + dy  = 2(^x  + dx)  + 7.  . . .(b) 


Subtracting  (a)  from  (6)  we  have 

dy  = 2(x-^dx)-^7^2x--7  = 2dx. 
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r ^ 7>represents  a straight  line  in-, 

c med  to  th%  axis  of  X,  at  an  angle  whose  tangent  is  2.  ^ 

y = f {a) 

Suppose  * to  receive  an  indefinitely  small  increment  dx{ 
bec^omes  ^ V + d y,  therefore  (a) 

y + dy  = {x-{-dxf.  ...(h) 

Subtracting  (a)  from  (6)  we  have 

dy  — (x  -f-  d x)^  — a;3  j 

therefore 

d y = dx'^dx  + 3x(dxy  (d xy, 

and  on  dividing  by  da;  we  get 

d y 

~ = Sx‘^+Zxdx  + (dxy. 

toe  if  ‘ T'  “S'ooled;  there] 

y = = 3 

dx 

■ If »/  = *",  .-.  dy  = (xJ^  dx)^  - x%  and  on  exnandi 

mg  by  the  Binomial  Theorem,  we  get  “ 

d,  = + 

1 

Tx  " + terms  involving  da:  and  higher  powej 

of  it  which  may  be  neglected. 

. dy 


d i 


(A) 


This  is  true  for  all  values  of  w,  since 

(«  + dx)»  = a:»  -f  » a:«- 1 da:  -f  &o. 

for  all  values  of  n. 

Therefore  we  deduce  the  following  rule: 
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Rule  I. — The  differential  coefficient  of  a power 
of  X is  obtained  by  multiplying  the  power  of  x by 
the  original  index,  and  diminishing  the  index  by 
unity. 


We  add  a few  examples  to  illustrate  this  rule. 
(1.)  If  «/  = SB®, 

dy 


ii  = 

a X 


(2.)  „ y = X- 19, 

(3.)  „ y = SB*, 

(4.)  „ y = x-i. 


di 


= - 


dx 


d y 
dx 

dx 


= — 4a? 


« 7. 


Art.  5. — Differential  Coefficient  of  the  Algebraic  Sum 
of  any  Number  of  Functions. 

Let  us  take,  for  example,  the  function, 

(5.)  ?/  = a;^  + 4 0?^  + 6 + 4 0?.  . . • (a) 

We  may  consider  each  term  on  the  right-hand  side  as 
being  a separate  function  of  x. 

Suppose  X to  become  x + dx,  dx  being  indefinitely 
small,  and  in  consequence  let  y become  y +dy;  therefore 
(a)  becomes 

y^dy  = {x-\-d  xy  4:{x  + dxy  + Q {x  d a?)^ 

+ 4c(x-{-dx) (6) 

Subtracting  (a)  from  (6)  we  have 

dy  - {(a?  dxy  x^}  + 4 {(a?  -f  dxy  — x^} 

-f  6 {(a?  + dxy  — a;^}  + 4 {(a?  + (Za?)  - a?}. 
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On  expanding  the  terms  on  the  right-hand  side  and 
collecting,  we  have 

dy  = (4  12  -f  12  a?  -f-  4)  a;  + terms  involving  (d 

and  higher  powers  of  (d  x). 


Divide  both  sides  of  this  equation  by  d x^  and  we  have 
d y 

= 4aj^-fl2a;^-fl2a;-f4-4-  terms  involving  d x,  and 
dx 

higher  powers  of  c? a:;,  which  may  be  neglected,  since  they 
are  infinitely  small  in  comparison  with  the  expression 

4 a?3  + 12  aj^  -f-  12  a?  -j- 

^ = 4 ajS  ^ 22  a;^  -f  12  a?  4“  4:, 
dx 


But  by  Rule  I., 

4 x^  is  the  differential  coefficient  of  x^ 
andl2a32  „ „ 4 a;^ 

„ 12  a;  „ „ 6 a;2 

„ 4:  „ „ 4 X. 


(6.)  Again,  let 


y = Z + V — U-\-  &C. 


(«) 


where  z,  v,  w,  &c.,  are  functions  of  x,  and  let  these  functions 
become  z„  v,,  u,,  &c.  respectively,  when  x is  increased  by  an 
infinitely  small  quantity  dx,  and  in  consequence  suppose  y 
changed  to  ?/,, 

y,  = z,  + Vf  - u,  + &o.  . . . (h) 

Subtracting  (a)  from  (6)  we  have 

Vf  - y = {z,  - z)  + (v,  - «?)  - (u^  - u)  + &c. 

Now  y,  --  y represents  the  increment  of  the  algebrah 
sum  of  the  functions,  z,  v,  u,  &c.,  and  is  therefore  the  differ-? 
ential  of  y,  or  d y,  similarly  z^  — z,  is  d z,  &c. 
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And  since  z,  v,  u,  &c.,  are  functions  of  x,  dividing  both 
les  of  the  above  equation  by  d x,  we  have 

dy  dz  dv  du  . 

d-x  = d^-^Tx-rx-^^°-  • • • (®) 

Hence  we  arrive  at  the  following  rule  : 

Rule  II.  The  differential  coefficient  or  first  de- 
1 v^ed  function  of  the  algebraic  sum  of  any  number  of 
* motions  is  the  algebraic  sum  of  the  differential  co- 
ficients  of  the  functions. 


fART. 

(7.) 


Art.  6. — Differential  Coefficient  of  the  Product  of 
Two  or  more  Functions. 

(7.)  Let 

y = uv (a) 

vhere  u and  v are  functions  of  x,  and  suppose  x to  increase 
1 X -\-  dxy  and  in  consequence  let  [a)  become 

y dy  = {u  dv?)  (v  + dv^ , . . (h) 

’herefore 

dy  = + d ^^)  («?  + d v)  — 

’hat  is  ^ 

dy  = udv-\-vdu-\-dudv. 


The  term,  dudv,  may  be  neglected,  since  it  is  infinitely 
Jiall  compared  with  the  other  terms. 

^ Therefore  we  have  dy  = ud  v v du,  and  on  dividing  by 
dv  we  have 

dy  dv  du 

3«  = “S-i  + '’5i 


Tliat  is,  the  differential  coefficient  of  the  product 
of  two  functions  is  obtained  by  multiplying  each 
function  by  the  differential  coefficient  of  the  other 
function,  and  taking  the  sum  of  the  products. 


I 
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Let  us  take  three  factors,  , 

Suppose  ..i 

y = uvz (a) 


where  u,  v,  and  z are  functions  of  x,  and  in  consequence  of  ^ 
being  increased  by  an  infinitely  small  quantity,  dx,  \ 
equation  (a)  become 

y dy  = (u  ^ d u)  (v  -j-  dv)  (z  d z)  , • (h) 

fv 

. • . d y = (u  du)  (v  + d v)  (z  + d z)  — uv  z.  ^ 

dy=uvdz-\-uzdv  + vzdu-\~  terms  which  are  ir y 
finitely  small  in  comparison  with  any  one  of  these,  and  ma^ 
therefore  be  neglected,  since  they  contain  the  product  of  tw , 
or  more  differentials.  Now  the  product  of  two  differentia^ 
is  infinitely  small  in  comparison  with  either  of  its  factorr 
since  it  is  an  infinitely  small  fraction  of  either  factor ; 

r,dy  = uvdz-{‘Uzdv-\-vzdu, 


Dividing  both  sides  of  this  equation  by  d x,  we  have 

dy  d z d V , du 

= uv  — + uz  — + vz  — . . . (D) 

dx  dx  dx  dx  ^ ' 


From  equation  (D)  we  deduce  the  following  rule : 


Rule  III.  The  differential  coefficient  of  the  prr 
duct  of  n functions  of  x is  the  sum  of  all  such  temi 
as  the  product  of  w — 1 factors  into  the  differentia  [ 
coefficient  of  the  remaining  factor. 

Dividing  the  left-hand  side  of  equation  (D)  by  y,  and  tlie 
right-hand  side  hj  uvz,  we  have 


1 d y 1 d z 1 dv  1 du 
y dx  z dx"^  V dx~^  u dx 


We  add  a few  examples  to  illustrate  the  above  rules. 
(8.)  Let 

^ = (*2  + 3)  (a;3  + 4), 


t 
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rhere  a:*  + 3 and  a;®  + 4 S’l’s  considered  to  be  separate 
Ir.nctions  of  x,  and  are  equivalent  to  u and  v,  respectively, 
ii(C). 

Using  formula  C we  liave 

f|  = («.  + 8)ra  + («.  + 4)t^. 


d X 


dx 


ow 


.nd 


d X 

^(‘”1  + =■- 2 X, 

d X 


therefore 


^ = 3 (aj^  + 3)  + 2 05  (oj^  + 4)  = 5 + 9 -f*  ^ 

Otherwise  we  have,  on  multiplying  the  factors  together, 
2/  = ^ 3 ^3  4 ^2  22, 

therefore,  by  Eule  II.  we  have 
dy 


d X 


= 5 05^  + 9 05^  + 8 05. 


(9.)  . y=:{x^  + a^)  {x^  + 6')  {x^  + c^). 

By  formula  D,  we  have 

+ + a®)  (a:®  + c®)  + 

dx 

+ (a;®  + 6®)  (a;®  + c®) 

Cl  %c 


r.ut 


d{x^  + a^)  = 2 a = ^ 

d X dx  dx  ^ 
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therefore 

^ = 6 + 4 4-  + 2 (a^  6^  + c^)>. 

dx  \ / \ / 

Otherwise  we  have  i 

2/  = aj6  -f-  (a^  + + c^)  + (a^  6^  + ] 

therefore  by  B, 

= 6 a;5  4-  4 (a2  + 62  + c^)  *3  + 2 (a^  6*  + + ^2  ^2) 

It  will  be  noticed,  in  the  preceding  examples,  that  -^e 
differential  coefficient  of  the  constant  term  is  always  cip|y^,r, 
since  it  receives  no  increment,  and  in  the  process  of  differ- 
entiation it  is  always  subtracted  from  itself. 

*(10.)  y =z  sin  x sin“  ^ x. 

By  formula  (D)  we  have 

, d (sin  x) 

dx  tf 


dy  (sin- la;)  , 3 . , - 


dx 


d X 


therefore 

dy  a;^  sin  a; 


dx  V 1 - a;2 


. . d{x^) 

+ sin  X sin-  1 X — — - > 
dx 


+ x^  sin- 1 X cos  a;  + 3 a;^  sin  x sin- 1 x. 


Art.  7. — Differential  Coefficient  of  a Quotient. 
(11.)  Let 


z 

y = v' 

where  z and  v are  functions  of  a?. 
Clearing  of  fractions,  we  have 
z =vy, 

therefore  by  (C), 


dz  dy  dv 

T-  = + V ^ • 

dx  dx  dx 

* See  differential  coefficients  of  sin  x and  sin-  1 x. 


A 


i>j 
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Transposing,  and  substituting  - for  ?/,  we  have 

dy  _ d z z d V 

dx  dx  V dx^ 

and  on  dividing  by  v,  we  have 

d z d V 

dy  dx  dx 

Tx  " • • * 

From  this  result  we  deduce  the  following  rule  : 


Rule  IV. — The  differential  coefficient  of  a quotient 
is  obtained  by  mulrtiplying  the  denominator  into  the 
differential  coefficient  of  the  numerator,  and  the 
numerator  into  the  differential  coefficient  of  the  de- 
nominator; subtract  the  latter  product  from  the 
former,  and  divide  by  the  square  of  the  denominator. 


(12.) 


y = 


x^  + 2 


d y x^^  X S x"^  — (x^  + 2)  X 2 x ^ x^  — 4: 
* * dx  x^  x^ 


(13.) 


_ (x  + g)  (a;  + h) 

(x  + c) 

dy  (flj  + c)  (2 a;  + a -f-  6)  — (a;  + a)  (aj  + 6) 

dx  ~~  (a;  + c)^ 

__  a;^  + 2ca;  + <^c  + ^c  — cl  h 

(x  + cy 


Sometimes  it  is  more  convenient  to  express  the  equation 
y = - thus : y = zv^^,  and  treat  it  as  a product. 

By^  equation  (C), 

dy  d (v'  ,dz 

— = z — + — • 

dx  dx  dx 


If 


y = 


a;3  + 2 


(x^  + 2)  a;  “2^ 


X‘ 
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^=(a;®  + 2)  X-  2x-^  + x-^  X 3a:* 
ax  ^ 

= - 2 - 4a;“3  + 3 

= 1 — Ax^^i 

dy  x^  — A 
dx  x^ 


Art.  8. — Differentiation  of  a Function  of  a 
Function. 

Let  y =f  (/),  and  2?  = F (a?). 

Suppose  X to  receive  a finite  increment,  which  we  shall 
denote  by  8 a?,  and  in  consequence  let  the  corresponding 
increments  of  z and  y be  denoted  hj  Sz  and  8 y respectively. 
By  the  property  of  fractions  we  have 
hy  Zy  S z 

Sx  8 2?  ^ 8a?’ 

and  this  is  true  for  finite  values  of  the  increments,  however 
small ; therefore  it  must  hold  in  the  limit  when  8 a?  becomes 
indefinitely  small.  Therefore 


dy  dy  dz 

dx  dz^  dx 

(14.)  y = {a  + c x^y. 

Let  2?  = a + c and  the  above  equation  becomes 


(G) 


y = 


d^ 

d z 


= 2z. 


And 


By  equation  (G), 


dx 


= A cx^, 


^ — 2 z X Ac  x\ 
dx 
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I Substituting  for  z,  we  have 

' ^ = S Gx^  (a  + c x^). 

ax  ^ 

^ Also  it  may  be  shown  as  above,  that  if  ^ ^ ^ (^), 

and  ^;  = i//-  (x),  then 

ff  dydydzdv 

' :7^  = X ;r  X • • • (K) 

V d X d z d V dx 

j (15.)  Let 

y z=  {x^  ^ ^ + 4:  X + ly , 

i 

Here  the  expression  inside  the  bracket  is  a function  of  x^ 
^ which  we  shall  denote  by  z^ 

' .-.  y = z\ 

* Therefore  y is  a function  of  2?,  and  2?  is  a function  of  x,  or 

/ y =/(«).  * = ^(®)- 

By  equation  (A), 

dz 

md 

^ = 3 — 12  a:  + 4, 

dx 

^ >y  equation  (B)  ; since 

2;  = aj3  _ 0 ^2  4 ^ 2, 

. • . = 4 (a;^  — 6 + 4 a;  + 1)^  (3  — 12  a?  + 4)* 

a X 


(16.) 

jet 


ad 

f 

;]  * 


y = 

4-  a:^  = z, , 

y = 

-1  - iz-i=  — 

d a “ 2 2 2* 
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and  by  (G), 


dy  dy  d z 1 
T'  = 

dx  dz  dx  2 
dy  X 


dx  (a^  + 

(17.)  GiTen  a?  = + 3 «?,  and  y = z^;  find  ^ 

Here 


d;y^ 

X 


and 


dv  ^ ^ dz  ^ ^ 

= 3 a;2  r=  2 «?  + 3, 
dx  dv 


dz  3 ’ 


therefore  by  (H)  we  have 
that  is, 


g=|.-.p.  + S)x3a^, 


||  = (a;®  + 3 *3)"  *(2  + 3)  x‘‘ 


Art.  9. — Differentiation  of  the  Trigonometrical 
Functions. 

Lemma. — The  limiting  values  of  - and  is  unity. 

^ x sm  X 

Let  AC  be  a very  small  arc  of  a circle  whose  radius  OA 
is  unity;  and  let  AB  be  a tangent  at  the  point  A,  and 

C D the  perpendicular  from 
G,  on  OA;  then  CD,  CA 
and  A B represent  the  sine, 
angle  in  radians  and  tan- 
gent of  the  angle  C 0 A,  or 
X,  respectively. 

It  is  evident  from  the  figure  that  sin  Xf  x and  tan  x are 
in  ascending  order  of  magnitude. 


DA 


Fig.  4. 
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We  have, 
dividing  by  sin 

But 


sin  X <^x  tan  ic, 
tan  X 


l<r- 


sin  X ^ sin  X 


tan  X 


sin  X cos  X 

and  when  x is  diminished  indefinitely, 
cos  ic  = 1 ; 

therefore  the  limiting  value  of  ig  unity.  And  since 

^ sin  X 

-A- .-.  lies,  in  magnitude,  between  1 and  ^ , therefore  its 
sin  x^  sin  X 

limiting  value  is  also  unity,  and  hence  its  reciprocal 

is  unity,  when  x is  indefinitely  small. 

(18.)  Let  y = sin  x,  and  suppose  x to  increase  by  an 
infinitely  small  quantity  d x,  and  in  consequence  let  y 
become  y + dy, 

. • . y + d y sin  (x  -{•  d x), 

, dy  = sin  (x  + dx)  ^ sin  X 

d x 


= 2 cos 


sin 


d X 


= cos[x  + —)—^ 
j \ 2 / di 


dx 


But 


sin 


d X 


d X 


= 1, 


c2 
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and  ^ may  be  neglected  in  comparison  with  x 
cos  (^a;  + 

d y 

. • . -7^  = cos  X. 
dx 

(19.)  y = cos  0?, 

* • . y d y = cos  (x  d x), 

, • , dy  = cos  (x  + dx)  — cos  x 

d x\  , dx 


^ / d x\  , dx 

= - 2 sin  (^0?  + — J sm  -- 


1 

1 

-sin(a!  + ^) 

. d X 
sm- 

dx 

d X 

T" 

11 

-•  sin  x. 

(20.)  y = tan  a;, 

y + dy  = tan  (a;  + a;), 

. • . 2/  = (x  dx)  — tan  a?, 

__  sin  (x  + dx)  cos  £c  — cos  (x  + dx)  sin  x 
cos  (x  dx)  cos  X 

sin  d X 


therefore 


cos  (x  dx)  cos  X ’ 

sin  tia? 


dy 


dx 


dx  cos  (a;  + d x)  cos  x * 


d X 


cos'^a; 


- = sec^  X. 


Hence 
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Otherwise  we  have 


y = tan  x = 


sm  X 
cos  x^. 


and  by  (F), 


d X 


d (sin  x')  . d (cos  x') 

cos  X — --  sin  X — 


cos^  X 

X + n\v?x  _ ^ =sec2x. 


COS^  X 


COS^  X 


(20a.) 


COS  X 

ti  = cot  X = — . 

^ sm  X 

By  (F)  we  have 

dy  __  — sin^  x — cos^  x _ _ 1 


dx 
(21.) 
therefore 


sin^  X 


sin^  X 


= — cosec  ^ a:, 


y = sec  X = 


cos  X 


dy  = 


cos  {x  dx)  cos  X 

cos  X — cos  [x  dx)  ^ 
cos  {x  dx)  cos  X ’ 


therefore 


Hence 


(22) 


. d X 

dy  ^ 

d X cos  (x  dx)  cos  X 


dy  sin  X 

— = = sec  X tan  x. 

d X cos^  X 


y = cosec  x = 


sm  X 


21 
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thsrefore 


dy  = 


dy  = 


sin  (x-i-dx)  sin  x ’ 
- 2 cos 


dx\  • dx 
sm- 


sin  a;  — sin  (a;  + d x)  _ 

sin  X sin  (x  + dx)  sin  x sin  (a;  + d a;)  ’ 

/ , dx\ 

-cos  + 


. d X 
sin-^ 


d X 

. H 

* * dx  sin  X sin  (x  + dx) 

cos  a? 


dy 


sin^  X 


= — cosec  X cot  X. 


(23.) 


• • dx 

y = versin  a;  = 1 — cos  x ; 


therefore  by  example  (19), 
dx 


= sin  X, 


(24.)  y = coversin  a?  = 1 — sin  a?, 

therefore  by  example  (17), 
d y 

^ — cos  X. 

dx 


In  the  eight  examples  given  above,  it  will  be  noticed 
that  the  differential  coefficients  of  sin  a?,  tan  x^  sec  x and 
versin  a;,  have  the  same  sign  as  the  functions  themselves ; 
since  these  functions  increase  as  x increases.  And  cos  a;, 
cot  X,  cosec  a?,  and  coversin  a;,  have  the  opposite  signs  to  that 
of  the  functions,  since  these  functions  diminish  as  x in- 


creases. 
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Art  10. — Differential  Coefficients  of  the  Inverse 
Trigonometrical  Functions. 

Suppose  to  he  some  function  of 

^ = F {x) (a) 

If  this  equation  admits  of  bein^  expressed  in  the  form 

X = ct){y)  .....  Q)) 

then 

dnj  dx 
^ X -T-  = 1- 
dx  dy 


For  if  in  equations  (a)  and  (h),  x and  y be  increased  by 
finite  increments  hx  and  hy  respectively,  then,  by  the 
property  of  fractions, 


Zx  Sy 

IT-  X ^ 
by  bx 


= 1, 


for  all  finite  values  of  the  increments,  however  small ; there- 
fore it  must  hold  in  the  limit  when  Sy  and  become 
indefinitely  smalL 

dy  dx 
j X ^ = Ij 

dx  d y 

or 

dy  1 

"3  = ••0909  (I  ) 

dx  dx  ^ ^ 

dy 

(25.)  y = sin-Vic. 

Here  is  a function  of  x,  and  it  may  be  easily  expressed 
in  the  form  a;  = ^ (^),  that  is, 

X = sin  y ; 

therefore  by  (18), 


^ ^ , 
^ = cosy  = ± i/ (1  ^ x‘^)  * 

since  cos  ?/  = 1 — sin^  y. 
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therefore  by  (I), 

^1=  ±-jJ^ 

dx  \ 1 — 


The  proper  sign  depends  upon  the  value  we  assign  to  y ; 
since,  for  a particular  value  of  x,  we  have  more  than  one 
value  of  y. 

If  we  assign  to  y its  least  value  for  any  value  of  x 
between  1 and  0,  then  we  must  take  the  positive  sign,  since 
the  function  increases  as  x increases. 

. ^ ^ ^ . 
dx  \/(l  — 

(26.)  y = cos*”  ^ Xy 

.*•  X = cos  y, 

dx  . g- ^ 

dy=  -«=-). 

therefore  by  (I), 

dy  _ _ ^ 

dx  1 — x^ 

(27.)  y = tan-  ^ x^ 

. • . X = tan  y, 


therefore  by  (19), 


(28.) 


dx 

dy 


= sec^  y = 1 + as*. 


. 1 

dx  1+03^ 
y = cot”"  1 X, 


. • . X = cot  ?/, 


therefore  by  (20), 

- cosec*  = - (1  + a;*), 

. ^ . 

dx  1 + 
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(29.) 

therefore 


(30.) 


(31.) 

therefore 

Hence 

(32.) 

and 


y = see”  ^ Xy 
aj  = sec  2/, 
by  (21), 
dx 


— = sec  y tan  y = x ^ ix^  1), 

dy 

— = ^ 

dx  X V (x^  — 1) 


y = cosec 
X = cosec 

d X 
dy 

dx 


= — cosec  y Qoiy  = — a:  (a;^  — 1), 


a;  V (a;^  — 1) 

y z=  versin'  ^ a?, 

X = versin?/  = 1 — cosi^, 


• /7i 2 

— = sin  y = V 2 a;  — aj% 
dy 

^ ^ __1 

dx  ^~2  x - x‘^' 

y = CO  versin'  ^ a?, 

X = coversin?/  = 1 — siny, 

c?a)  / 

— = — cos  ?/  = — V 2 a;  — a?\ 

d?/ 


iy  _ _ ^ . 

do;  V 2 X — x'^ 


therefore 


26 


THE  DIFFERENTIAL  CALCULUS. 


Art.  11. — Differentiation  of  Logarithmic  and^ 
Exponential  Functions. 


Here  we  shall  assume  the  Exponential  Theorem,  wt 
we  shall  afterwards  prove  in  the  chapter  on  the  expansion 
functions,  namely,  that 

o*  = 1 + a;  loge  a + (loge  a)^  + — (loge  a)® 


+ (loge  «)^  + j-y  (loge  af  + &C., 


where  e is  the  base  of  the  Napierian  logarithms. 

(33.)  Let  y = loga  x, 

therefore 

that  is, 


X = aff^ 

n2 


a;  = 1 + y loge  « + ^ (loge  ay  + ^ (loge  ay  + &c., 


therefore 


d X 


= loge  a + y (loge  ay  + (loge  ay  + &c.. 


dy  ' [2_' 

and  on  dividing  both  sides  by  loge  we  have 


dx 


loge  a dy 

therefore 


~ = 1 + 2/  loge  a + ^ (loge  ay  + ^ (loge  ay  + & 


LI' 


di 


loge  a dy 


= X. 


Hence 


dx  . X 

-J-  = X loge  a = , 

d y loga  e 


therefore 


d^  _ loga  e 
dx  X 
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)therwise, — If  y = loga  x 


lave 


dy  = loga  (x-\-  dx)  - loga  X = loga  ^1  + 


jrefore 


dx  dx  ° \ X / ^ ^ 

Let  dx  = ax  where  a is  indefinitely  small  and  (a)  he- 


mes 


Expanding  (1  -j-  a)®  by  the  Binomial  Theorem,  we  have 

1 /I 

r,2 


a I \ "lit  I ^ \a  / 

+ a)“‘  = l+  _Xa  + - 


4- 


a \a  / \a  / 


[3. 


LI 


-f-  &C. 


since  a is  indefinitely  small  we  may  neglect  it,  there- 


(1  + a)a  = 1 + 1 + ^ + ^ + &c. 


I s the  base  of  the  Napierian  logarithms,  the  numerical 
Ine  of  which  is  2*71828  . . • . 

Hence 


dy  1 
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If  « = 

e we  have  1 

^ I 

d X X \ 

(34.) 

y = n^,  1 

then 

log  y = X log  n ; 

Taking  the  differentials,  we  have 

d (log  y)  = d(x  log  n), 

that  is 

~ = dx  log  n. 

y 

therefore 

1 dy  . 

“ = log  n, 

y dx  ^ ' 

hence. 

dy  ^ , 

^ z=  y log  n = log  n, 

(t  X 


If  w = e in  the  above  example  then  log  n becomes  logg  e 
= 1,  therefore  if 

2/  = C 

then 


This,  or  any  multiple  of  it,  is  the  only  function  whose 
differential  coefficient,  or  first  derived  function,  is  the  same  as 
the  primitive  function. 

We  shall  now  work  out  a few  examples  on  the  preceding 
rules  for  finding  the  differential  coefficients  of  functions. 

(35.)  y = 

log  y = sin  x log  a, 

1 dy 

- = cos  X log  a, 

y dx 


therefore 
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IS, 


^refore 


d y 

log  a, 

^ y sin  a;  , 

a QOS  X log  a. 


(36.)  y = sin  w a;2  = sin  «,  where  z = n x\ 


crefore 


dy  j ^ 

^ ^ = cos  0,  and  — = 2 w 


Hence  by  (G)  we  have 


(37.) 

ere 


d y 

^ = 2 w a;  cos  w 
y = log  (1  + a:)  = lo^, 
a = 1 + a;, 


Therefore  by  (G), 


^ _ 1 _ 
dz  ~ z ~ 1 X 


1 , dz 

, and  — = 1. 
dx 


Similarly,  if 


then 


(38.) 

where 


^ 1 
d X 1 “b  X 

y = log  (1  _ x), 

^ _ 1 

dx  1 — a;’ 
y = Va2  + x^'  = zi. 


z = a'^  -j-  x^ 

1 1 1 dz 

2"  “2  7^i^>^  = 2a,, 

therefore  by  (G), 

d y X 


dx  >/(a^jf.ay.) 
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(39.) 

where 
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y = log  (a?  + = log  z, 

z = + x\ 


^ 

dz  z x"^ ' d X 

dy  2 X 


dz 

jt:  = 2®, 


(40.) 


hence. 


dx  x^^ 

«/  = log  (a:^  4-  3 a:  + 1)®, 

2/  = 3 log  (as®  + 3 a:  + 1), 
y = 3 log  z,  where  z x"^  + 3 x 


dy  3 dz  ^ ^ 

y-  = - » ^ — = 2 a;  + 3, 
d z z dx 


dy  3 (2  a;  + 3) 


dx  a;^  + 3 a;  + 1 

(41.)  y = a/(^TT)  - 3)  ®'(®^-4)®, 

y = {x  l)s  (x  — 3)i(a:®  — 4)1, 
log  2^  = J log  (®  + 1)  + i log  (®  - 3)  + f log  (a:®  - 4), 
1<22^  1 1 


+ 


,3  2x 

+ 7 X -5 


ydx  2(aj  + l)  3 (a?  — 3)  5 05^  — 4’ 

Hence, 

^ = V(  a;  + 1)  (a)  — 3)  ^ (a;2  — 4)^ 


''{27^ 


+ 


rr  + 


6 X 


— 1. 
-4)r 


or 


l2(x+ 1)  ^ 3(x  - 3)  ' 6 (*2-4) 
(42.)  y = log  I®  + V (a®  + x'^)j, 

y = log  where  2?  = a?  + V (a^  -f- 
We  have 

^ = l = 1 

d 21  z X + \/ 
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herefore  by  formula  (G), 

dy  _ 


nd 


X 03  + s/ 

V(a2  + 03^)  Va2  + 


(43.) 

here 


dx  + 

^ = V 1 + ^2  ^ 


= 2 sin  a;  cos  or. 


Here  we  have 


and 


2 = 1 + sin^  03, 
dy  ^ 1 dz 

dz  2 \/V’ 
dy  __  sin  2 03 

dx  2 V (1  + siii^ 03) 

y = log  tan  03. 

y = log  where  « = tan  x, 

^ = 1 = ^ 
dz  z tan  03’ 

d z 


(45.) 


1 dy 


= sec^  X, 
dx 

d y sec^  x ^ 2 

dx  tan 03  sin  2 03 * 

_ V 03*^  + ^03^-1- 

^ ^ 03^  + ^ 03^  + 

log  = i log  (o;2  + a2)  + ^ log  {x^  + 

- i log  (032  + c2)  - 1 log  {x^  + d2) 

03  . 2o3  2o3  2a; 


+ 


y dx  03^  + 3 (03^  + ^ 7 (03^  + d'^) 


dx 


2 03 


2 03 


2a; 


la;^  + 3 (03^  + 6^)  5 (x^  + c^)  7 (x^  + d^)}’ 


a.  ^ 
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_ a:log(l  +a;) 
1 -)“  sin  X 


(46.) 

By  equation  (F) 

(1  + sin*)  |log(l  +a:)  + _^_|  — iCCOS  X log  (1  + X 


+ i 

(1  + sina;)2 


^ ^ ^\^x+'>/a  + Vb-~\^  ah  X 

<*"•>  = HTTirrvfTrvm- 


Here 


y = tan“  ^ ^Tx  + tan“  ^ V a + tan~^ 

1 X.  ’ 


d X ‘I  sj  X 1 "H  •*' 


(47a.) 


y = 


log  y = Ttx, 
dy^ 
dx 
dy 


I -h 

y dx~  ' 


%> 

(48.) 


dx 


= Jcy  h 


y = e-*=* 


logy  = - hx, 
1 ^ 

y dx 

cZ  X 


= ^Tc, 

= -~  ky  = — 


(49.) 

By  formula  (C)  we  have 


y =z  sin  a x. 


^y 

dx 


= ® a cos  ax  + sin  a x, 


, f a cos  ax  h sin  ax  1 

= + P)  j vra^  + P)  + 
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Let  9 denote  the  angle  whv 
a 


then 


(50.) 

therefore 

Now 


cos  9 = 


V (a?  + Tc\ 
h 


V (a?  + ^2)  ' 


dx 


= aJ (a?  + sin  (ax 


y = sin  a®, 


y = sin  z,  where  z = , 


dy  ^ dz  log  a 

= QO^  z and  — = ^ ^ 

dz  dx  x^ 


therefore,  by  formula  (G), 
dx 


a®  log  a 


cos  . 


We  add  a list  of  differential  coefficients  for  the  sake  of 
reference. 


y = x'^. 


d y 

= n x'^  ~ \ 
d X 


y = loga  X. 
y = a\ 
y = sin  a x. 
y = cos  a X. 
y = tan  a x. 


dy  _ loga  e 

dx  X 

d y ^ 

log  a. 

dx  ^ 

d y 

~ = a cos  a X, 
d X 


d y 

= — a sin  a x. 

d X 


^ iJ  9 

= a sec^  a x. 

d X 


D 


1 X. 

- sec  “ ^ a?. 
y — coseo  “ ^ a?* 
y = Yersin  “ ^ x, 
y = log  (a?  + V + a?^). 
y = 


- = — . a cosec^  a «?• 

y a? 

^ _ 1 
d X Vl  — a:^ 

^ = - 1 
d aj  Vl  — a:^* 

^ = — i_. 

e?  a;  1 + a;^ 

^JL=  - _i_. 

<Z  a;  1 + a;^ 

^ =r  1 

dx  a,  V(x^  - 1)* 

il  = - 1 

* a;  V(a:^  — 1) 

^ 1 

<i£»  ^2x-  x^' 

dy  _ 1 

das  + aj^y 

^ 

ax 


Examples. 


1.  ^ 


d X 


= 3x\ 


dy 


dx  = ^‘^~^’ 


3.  y = ax'’ u 


d^ 

d X 


Sa 


- a;"5. 


4.  y = ^ (x^). 


^ = ^xi. 

dx  3 


X 


= 2 a;  — 3. 


5.  1/  = a;^  — 3 a;  + 2. 
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1 


m 


y 


= — 3 oj  — 1.  ^ = 5 — 4 — 3. 

ax 


*'7. 

y 

= aj(a;  — 

l)(a;- 

2). 

II 

3 a;^  — 6 a;  4*  2. 

8. 

X + a 

dy 

b 

— a 

y 

^ X + h 

dx 

~ (* 

+ hf 

9. 

y 

= (a?^  — 

a*)  (5  + 

*)• 

II 

55^1  « 

4 a;^  3 6 aj^  — a^. 

10. 

y 

= (a:  + fl 

!)»(*  + 6)’". 

II 

: (a;  + a)^  “ 1 (aj  + h)^  ” 

X {{m  -{•  n)x  + hn 

+ am]. 

11. 

V 

= . /l+*^ 

2 X 

y 

yV  1 

-x^ 

dx 

(1- 

a:^)*  V (1  + x^) 

12. 

y 

= sin^  X, 

dj  _ 

dx 

= sin 

2 a?. 

I-  f>- ' ; 

^ 13.  «/  = sin 


^ = 2 a;  cos  x’^. 
ax 

dy 


y = tan  nx,  =z  n sec^  n x. 

^ dx 


y = tan  x'^,  ^ n x'^-  ^ sec^  xf^. 

Oj  qc 

1 3 ^ 

y = seo-^a^.  ^ = 


dx  a;  V(a;®  — 1) 


y = cos~  1 (3  a;  — 1). 
y = a ^'x. 


dx 


V3 


^x{2  ^ 3 x) 


dx~~  3^^ 

2/  = a?^  — 3 aj^  + 7.  ^ = 4 a;^  — 6 a;. 


D 2 


3a 
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20.  y 

21.  y 

22.  y 

23.  y 

24.  y 
2’  y 
26.  y 
21.,  y 

28.  y 

29.  y 

30.  21 

31.  2/ 

32.  2/ 

33.  y 

34.  y 


1 — X dy  x'‘  — 2x  — 1 


1 + dx  (1  + 


'(a^-x^).  p-=- 

^ 'ax 


= (a;  + 2)  {x^  4). 


dy 


dx 

4-  e“  « ^ ^ 


= 3 a;^  + 4 aj  — 4. 
4 


e®  — e*"®  dx 


(e*  — 


_ , . dy  e®  + 6“  ^ 

log  (e®  - e~®).  = 

° ^ ' dx  e®  — • 6“^ 


c d ^ 

a;^  tZa; 


Sc 


I (1  + hx^)\  — (1  + hx^)  ^ 

log  a x^. 


dx  n 
dy  2 


(Z  a;  X 


d y 


: log  sin  X,  = cot  X, 

Oj  qc 


= a®  (1  -j-  log  a;).  ~ = a®  |(1  + log  x)  log  a 4 


dy 


: a;®  e®.  ^ = a;®  e®  log  a;). 


log  (sin”  1 x),  ^ =z ^ • 

^ ^ sin  ” ^ a;  V (1  — 


1 , , a;  dy  1 

-tan-i-.  ^ = — — :• 

a a dx  x^  + 


-log 


X 


dy 


® 4"  V (*^  + iK^  ^ ® V i iC* 


= sec  a®.  = a®  log  a sec  a®  tan  a® 

aa?  ° 
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35.  y = - 


y = sin  X sin“  ^ x. 


sin  X 


dy 

dx~  V(1 

dy 


4*  sin*"  ^ X cos  x. 


(p+2aj)eo*.  _ = ea*{2+a(p-f  2a;)|. 


8.  = sin"  1 V 1 — a;^ 


dx 


VI- 


y = 


■ 1 3 a;  ^ ^ _ 3 (1  + a;^) 

1 — a?  1 4-  7 o;^  + a;^ 


- //I  + a;\  dy  1 

= log  \/ ^ = 1 _ a.2’ 

— gili-  1 ^ ^ _ \/ 1 — \/  1 — 


^ . 2/  = sm 


i;-  2/  = 


V l^v 

]?« 


y 

y = cos 


Vl+aJ+Vl-a:  ^ 2 (1  - a!^)* 

1 {?  2/  1 + log  CC 


a;  log  X dx  {x  log  xy 

a + x Y 

\2  a + xj  dx  (3a^  + 2ax)(2a -l-x) 


y- 


ax  {hx  c)  dy  /ax  (hx  c) 

da 

' -—I- 

a;  4-  ai 


= /- 

Vaj+a  dx  V (»  + «) 


il 


x4  - + 


I 


7.  « = 


a;  + c a;  + ^’ 
dy 


y = 


{x  + ^ = w(a?  4-  Vaj^  — 1)”  ^ 

a X 
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47.  y = {a\ -\- Xif  Q>^  . ^^=(a5  + a:i)"  ^(6®-^®*)* 

X !3mx‘^{ai  + xi)  + {¥  + a!®)|. 


nWI— 1 


- dy 

48.  y = ^.  = --. 

^ dx 


t \ 


K V- 


49.  y = x^.  ^ = — (1  + log  a?). 

d X €b 

/IX  1 \ sin  (log  tan~i  a?) 

50.  2,  = cos  (log  tan- 1 4 J-x  = ’ x (i  + x^J 


51.  y =i 


dy 


V(l  + a;®)  dx  (l  + a!®)f 

dy 


, . X coax 

52.  y = log  tan  r-^-  • ^ . q— - 

° 2 sin^a;  dx  sin^a? 

53.  y = tan  ^ sin  2 (a;  — a). 

Ji 

dy  2 sin  a;  cos  2 (a;  — a)  + sin  2 (a?.—  a) 
da?  1 + cos  X 

dy 


54.  y = xe®*. 


da; 


= e®*  (1  + 3 4 


55.  y = 


56-  2/  = (-„ 


a;^  sin  - 

o 

1 X 
_1 

/ai ' 


_ ajs  cos  77  + 03*“  3 sin  - ots  sin 
dy  3 3 


da? 


3 (1  + a;) 


(1  + xf 


dy  /ai' 
dx^  \a^. 


.x\^a  ((*-«)  (1  + log  a;)  - log  I 


(aj  — a)2 


57.  y = x^(l-  xf  * ||  = a;®  (1  - a;)^  * log 


col  « 
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58. 

59. 


y = 


a? 

-+-Bm 


\a/ 


dx 


= ^/(a^  - x% 


y = (sin  X sin  2 x sin  3 x^. 

= ny  (cot  X + 2 cot  2 xzj  + 3 cot  3 x)* 


60.  y = tan”  ^ (a®). 


dy  log  a 
dx  ~ 1 + a?^‘  ■ 


61.  y = tj {ax  x'^)  + ® log  + V a + a;). 


^ _ //a^  + 

“ V V a;  - 


- //a  sin  + 6 cos  x\ 

y—  ^S\/((3^sina;  — l>cosaJ/ 


dy  ^ ab 

dx  sin^  a;  — 6^  cos^  x 


63. 


64. 


aa;^  + 2Aa;^4-^^^  + 2^a;  + 2/^  + c = 0- 
^ _ aa?  + Ay  + ^ 

dx  bx  + by  + f 


02 

1 + 61^ 

1 + &c. 


65.  y 


e ^ = (1  + logy)^_ 

d X log  y 


66.  Given  y — a*h^x‘^,  find  the  rate  of  change  of  y (1)  with 
regard  to  a,  (2)  with  regard  to  &,(3)  with  regard  to  x. 


^ = 4:an^x\  = 3 aH^x\ 

da  d b 


= 2 a*¥x. 
dx 
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CHAPTER  IIo 

SUCCESSIVE  DIFFERENTIATION. 


Art,  12,— Successive  Derived  Functions  and 
Differentials. 


In  the  preceding  chapter  we  have  shown  how  to  find  the 
first  derived  function  from  the  primitive  function. 

If  2/  = / (a;),  we  showed  that  the  first  derived  function  is 

^ or  — , and  that,  with  one  exception,  the  first  derived 

ax  ax 

function  differs  from  the  primitive  function ; therefore,  if 


y=f{^)y 


on  differentiating  we  have 

^ _ d f(x) 
dx  dx 


=/’(*), 


where  {x)  denotes  the  first  derived  function. 

If  (x)  involve  the  variable  cc,  we  may  treat  it  as  we 
did  / (a?),  thus, 


d 

d x 


df\x) 

dx 


= /«(«;), 


the  second  derived  function. 


Instead  of  A &) 

dx  \dx/ 


we  write 


dx‘^^ 


therefore  the  result  of 


differentiating  y = f (x)  twice  is  denoted  by 


dx^ 


/“(4 
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Treating  the  second  derived  function  in  like  manner  if  it 
contain  the  variable,  we  have 
d^y 


d 


=/“(4 


the  third  derived  function. 

Similarly,  after  n operations,  we  get 


d^  y 
dx^ 


=/«(*), 


the  wth  derived  function. 

We  may  arrange  these  results  as  follows : 

y = f{x).  Primitive  function. 

^ =f^  (x).  First  derived  function. 

a X 

d^  y 

— ^ (x).  Second  derived  function. 

(X  X 


Third  derived  function. 


d'^  V 

- — = (x\  wth  derived  function. 

dx^  V / 

(51.)  ^ = 0?^  — 4a;^  + 5a;  — 7=  /(^r). 


=j|  3 — 8 a?  + 5 

d X 

00 

1 

CO 

II 

II 

^ = 0. 

d x^ 

=r(x). 

In  this  example  we  see  that  the  derived  functions  of  a 
higher  order  than  the  third  vanish. 

In  like  manner  we  may  show  that  the  (n  + l)th  derived 
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function  of  a a;"  + + &c.  is  zero,  where  n is  a positive 

integer.  But  if  n be  negative  or  fractional  there  will  he  no 
derived  function  which  will  vanish,  since  by  Rule  I.  we  can 
never  reduce  the  indices  of  x to  cipher. 

If  ^=/(*) 

dy  =f(x)d  X.  The  first  differential.  ^ 
d-^y  = /«  («)  d x^.  The  second  differential. 
d'^y  = /“  (a)  dx^.  The  third  differential. 


d^y  = /«  («)  d a:”.  The  »th  differential. 
(52.)  Let  y = e'^®, 


then 


d 


Similarly,  if 


d X 


^ = (-  1)  h^e- 

dx'^  '■  ' 


(53.)  y = sin  le  t 


d t 
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(54.)  y = cosh  X, 

^ =r  — sin  hx  = h cos 
dx 


d2y__ 


d x^ 

d^y 
d x^ 

(55.) 


P sin  (fe  a;  2)  ~ as  + 


56.) 


= h'^  cos  (&  a;  + 

y = loga  !B, 
<i  V 1 1 

^ = - loga  e, 

d X X 

dPy  1 , 


_(l’^)  (-  OLIw.., 

d x'^  x^ 

y = cos  7*  a?, 


= A;  cos  r 0?  — r e^^sinrx 
= (h  cos  rx  ^ r sin  rx) 

= V(F  + r^)  (^^p^cos  r a.  - sin  r x). 


If 


then 


\/P  + 


= COS  0, 


Vp  + 


r=  = sin  0. 


Substituting  these  values  in  the  above  expression  we  have 
^ = V P + r^)  (cos  6 cos  rx^  sin  0 sin  r x\ 

d X 

= V (P  + P)  6^®  COS  {r  X + 6), 
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If  we  differentiate  again  we  have 

cos  (r  a:  + 2 0) 

Similarly,  after  differentiating  n times  we  get 
+ r'^Y  cos  (rx  n 0). 


If 

find  V,  where 
Here 


(«> 


C = a sin  h L 
dG 


d t 


==  ah  cos  h t. 


Substituting  in  (a)  we  have 

Y ==  Ha  sin  ht  + L ah  QOS 
T^p — f EasinA;^  . ^ah  cq-:,  ht 

= V(Ra)  4-(La^)  { 7(R^2-4r 

= \/(R  ay  + (L  a hy  sin  (h  t + B), 

where 


= tan”  ^ 


"Lah 
E a 


In  a later  chapter  we  shall  show  how  to  find  0 in  terms 
of  V,  E,  L and  t. 


Art.  13. — In  the  preceding  example,  V stands  for  the 
electromotive-force  that  must  be  impressed  on  an  electric 
circuit  in  order  to  produce  a current  of  C amperes,  L stands 
for  the  coefficient  of  self-induction  or  back  electromotive- 
force  when  the  current  is  growing  at  the  rate  of  one 
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ampere  in  one  second,  and  A;  is  27r  x frequency  or  — where  T 

is  the  periodic  time  in  seconds. 

In  order  to  represent  this  graphically,  plot  a sine  curve 
{see  the  author's  Elementary  Practical  Mathematics  f page  163) 
whose  amplitude  is  E a,  to  represent  the  electromotive- 
force  required  to  drive  the  current  through  the  resistance  if 
there  were  no  inductance  in  the  circuit.  Then  on  the  same 
time  base  plot  a cosine  curve  whose  amplitude  is  Tl  ah  to 
represent  the  electromotive-force  necessary  to  balance  the 
reaction  of  self-induction.  Also  plot  a curve  whose  amplitude 
is  J (Ka)^  + {hahy,  as  shown  in  the  accompanying  figure. 


V 


The  V curve  represents  the  electromotive-force  that 
must  be  impressed  on  the  circuit  in  order  to  produce  the 
current  C. 

In  the  figure  OA  = Ea,  AB  = LaA;,  OB  = 
Jffiaf  -f  (L  a hy,  and  the  angle  A 0 B is  the  angle  of 
lag  or  amount  by  which  the  current  lags  behind  the 
el  ectromotive-force. 

The  expression  s/  W‘  -f-  (Lhy  is  called  the  impedence, 
(57.)  Example.  Given  E = 2,  L = *002,  C = 50  virtual 

imperes,  and  T = find  V,  the  virtual  volts  that  must  be 

mpressed  on  the  circuit,  h^  angle  of  lag  0,  and  the 
mpedence. 
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Here  the  virtual  volts 


V = V 2^  + (-628)2  X 50; 

therefore 

V = 104*8  nearly. 

and 

it  z=  ^ = 100  X 3-1416  = 314-16. 

Also 

tan  0 = y = ‘^  = -319 ; 

E 2 

therefore 

6 = 17°  12'. 

Impedence  = 2^  + (*628)^  — 2*096. 


Art.  13a. — In  the  accompanying  figure,  A represents  the 
position  of  the  cross-head  of  a steam  engine  when  the  crana 
is  at  a dead  point,  B is  the  middle  of  the  stroke,  and  x is| 
the  displacement  of  the  cross-head  from  its  mean  positio^^ 
when  the  crank  angle  is  0,  \ 


X = r cos  6 + J P — sin^  0 - Z (1)  j 

where  I is  the  length  of  the  connecting  rod,  r is  the  crank,] 
and  6 the  crank  angle,  measured  from  the  dead  centre.  ^ j 
Suppose  we  require  the  piston  velocity  for  any  givei 

value  of  6,  we  have  to  find  the  value  of  which  is  th 

velocity,  where  t denotes  the  time  reckoned  from  the  instan 
the  crank  passes  the  dead  centre. 
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From  (1)  we  have 
d x=  — r sin  6 d 6^ 


sin  0 cos  0 
a/  P — sin^  6 


de, 


that  is  the  change  in  x corresponding  to  a very  small  change 
in  6 ; hut  velocity  is  rate  of  change  of  displacement,  therefore 

- dx  • sin  (9  cos  (9/^^  • 

The  piston  acceleration  is  the  rate  of  change  of  velocity, 
consequently  we  have  to  differentiate  (2)  with  regard  to 
time  ty  therefore 


1 . d^  X 

acceleration  - — - = — r cos 
d P 


\d  t) 

{P  cos  2 0 + r‘^  sin^  Ol^d  0'^ 

{P  — r‘^  sin^  6)^  \<i  t)  * 

d 0 

This  is  assuming  that  the  angular  velocity  ^ of  the  crank 

€L  t 

is  constant. 

Examples. 


1.  If  ^ = x^y  show  that  = 24  x. 

Ct  X 


2.  If  ^ = xi, 

3.  If  2/  = x'~~% 

4.  If  y = sin  X, 

5.  If  y = cos  x‘^, 

6.  y = X sin  x, 


da? 

dx^ 
d^  y 945 

d-- 

d^y 

dx^ 

d x^ 
d^y 
d x^ 


— — 1 /r— I 

dx^~  ‘ 


16 


= — sm  X, 


= Sx^  sin  — 12  a;  cos  x^. 
= 5 sin  X + X cos  x. 
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7.  l^y  = 6^,  show  that 

= e*  [n  (n  — 1)  2nx'^ 

dx^  ^ ' 


+ x'^}. 


8.  If  y = taii”i  x,  show  that 

d‘^  y (1  — r _L 

dx^  (1  + ^^y  1 + ‘ 

9.  If  ^ show  that 

= e®V64a;6  + 480**  + 720  *2  4.  120). 
dx^  ' 

10.  If  2^  = log  (cos  x),  show  that 

I = — 2 sec^  X tan  x. 
aoj'^ 


11.  If  y = sin  x,  show  that 
d^y 


dx^ 


+ 4^  = 0. 


12.  If  2^  = sin  a?,  show  that 

\ d^  y sin  (x  + n 6) 

d x'^  sin^  0 * 

where  tan  0 = i. 

a 

13.  If  2^  = {x^  + tan“^  show  that 

d^  y 4 

cZ  -j-  * 


14.  If  2/  = C sin  ^ a?  + Cl  cos  h a?,  show  that 
d^y 


dx^ 


= ¥y^ 


15  If  y ^ ®,  show  that 

<^-“’>1?- ‘'ll  = *’’!'• 
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1(5.  Uy  = k cos  (log  x)  + I sin  (log  a;),  show  that 


n 


y _ — 4:S  n^x  (9  — 26  a;^  + 5 x^') 

d x^  (n^  + x‘^y 


18.  Find  the  velocity  and  acceleration  of  the  piston  of  a 
iteam  engine  from  the  following  data  : — 

Crank,  12  inches;  connecting  rod,  5 feet;  crank  angle, 
30°;  speed,  100  revolutions  per  minute. 

The  angular  velocity  ^ radians  per  second. 

Velocity  = 368*6  feet  per  minute. 

Acceleration  = 11*94  feet  per  second  per  second. 
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CHAPTEK  III.  j| 

i 

EXPANSION  OP  FUNCTIONS.  | 

I 

Art.  14. — Taylor’s  and  Maclaurin’s  Theorems.  | 

If/(^  + 2^)  be  a continuotis  function  of  x y wliii 
admits  of  being  expressed  in  the  form  of  a series  of  ascendii  J 
integral  powers  of  x ox  y ; then 

f {x  -f-  ?/)  = A -f  B 2/  + C + D ^3  ^ &c.  1 

or  ^ 

f{x  + y)  - A,  + B,  a;  + G,  a;2  + D,  a;5  -f  &c.,  ^ 

where  A,  B,  C,  D,  &c.,  are  functions  of  x and  independent  of 
?/,  and  A^,  B^,  &c.,  are  functions  of  y and  independent 

of  X.  For  example  : " ^ 


{x  + yy 


where 


x^  n x'^  ^ ^ y -i-  ~ ^ ^ ^ 2/^  + 

= A+  F2/  + C2/^  + &c. 


Jr 


A = x'^,  B = w - h C = a;  ^jre. 

La 

We  shall  now  show  how  the  values  of  A,  B,  C,  D,  &c.,o\ 
A^,  B^,  C^,  &c.,  may  be  obtained  in  terms  of  x or  y resj^  - 

tively. 

If  / (a;  + 2/)  be  a function  which  admits  of  being  expancc 
in  powers  of  a;  ox  y \ on  differentiating  it  with  respect  tc  ^ 
treating  y as  constant,  we  get  a result  which  is  the  sam^^ 
if  we  were  to  differentiate  it  with  regard  to  y treating  ^ ' 
constant. 


THE  DIFFEEENTIAL  CALCULUS. 
For  the  proof  of  this  statement, 

w =/(*  + y)  =/(2). 

z = x + y. 
du 


Let 

where 

Then 

but 


d z 


=/'(4 


;^nd  since 
we  have 

therefore 


d z 
d X 


du  __  du  d z 
d X d z dx 

z = X + y, 

= 1 treating  as  a constant, 


Similarly, 


du  du  d z 


Since 


therefore 


dy  d z dy 


=/(4 


d z 
dy 


= 1 treating  oj  as  a constant, 


d u d u 1 ^/i\ 

— = — , where  u =f(x  + y). 
dx  dy 


•X  For  example : Let 
'0  M = (a;  + y)\ 


therefore 


d u 


'i  d^  = 4 (a?  + yy  treating  y as  constant, 

..and 

= 4:  {x  + yY  treating  x as  constant ; 
cl  y 


E 2 
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therefore 

du  _ du 
dx  dy  * 

Let 

M = /(«  + j/)  = A + B?/ + + Dt/®  + &c.  . (1) 


On  differentiating  this  with  regard  to  x,  we  get 


du  d A , dB 

j—  = j !■  X-  ^ + 

dx  dx  dx 


d^ 

dx 


2/"  + 


dP 

d ic 


+ &c. ; . 


also 

= B + 2 Cm  + 3Da2  ^ 

dy 


(2) 


and  since  we  have  proved  that 


du  _ du 
dx  dy^ 


we  are  at  liberty  to  assume  that  the  coefficients  of  like 
powers  of  y are  equal  in  the  above  equations,  therefore 


d A TQ  d B o d ^ 0 -pv  p 

— = B,  — = 2 C,  — = 3 D,  &c. 

dx  dx  dx 


Again,  since  (1)  holds  for  all  values  of  y,  it  must  hold 
when  y = 0,  therefore 

/(*)  = A. 

Again, 


and 


1 ^ 
2 dx 


0 = ^'^  = A/n(4 


Similarly, 
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On  substituting  these  values  of  A,  B,  C,  D,  (fee.,  in  (1)  we 
have 

f{x  + y)=  f{x)  + yf  {x)  + 1^/"  (*)  + ~ {x)  + &C. 

This  result  is  called  Taylor^s  Theorem. 

Similarly,  we  may  show  that 

/y>2  ^3 

f{x  + y)=f{y)+  xf  (y)  + (y)  + (y)  + &c. 


Art.  15. — We  shall  now  apply  Taylor* s Theorem  in  ex- 
panding a few  functions  oi  x + y. 

(58.)  Expansion  of  {x  -f-  y)^. 

{x  + yf  = f{x)  + yf  (x)  + ^ /“(*)  + (*)  + &c. 

Here 

f(x)  = x^,  (x)  = 6 x^,  (x)  = 6 X 5 0?^,  &c. 

On  substituting  these  values  for  the  several  successive 
derived  functions  of  x,  and  simplifying  the  coefficients,  we 
have 

(x  + yy  = x^  6 x^  y + 15  x^  y‘^  + 20  x^  y^ 

15  x‘^  y^  + 6 xy^  + y^. 


(59.)  To  expand  log  {x  -f-  y). 

t 

12' 


Log  {x  + 2/)  =/(*)  + yf  (x)  + (x)  + (a;)  + &c. 


Here 

f{x)  = log  X,  f (x)  = i ,/”(«)  = - A /"*  (*)  = ^ , &C. 


On  substituting  these  values  for  the  several  derived 
functions,  we  get 

log  {x  + y)  = log  X + --  - ^ ^ + &C. 
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(59a.)  To  expand  sin  («  + y). 

Sin  {x  + y)=f{x  + y)  = f{x)  + yr  (*)  + ^ /"  (*) 

Here 

f (a?)  = sin  a?,  /*  (x)  = cos  a?,  {x)  = — sin  a?,  &c. 

On  substituting  these  values  for  the  several  derived 
functions  of  a?,  we  obtain 

Sin  (a;  + ?/)  = sin  a?  + 2/  ^ sin  05  — cos  x 

+ sin  0!  + cos  a:  - &c., 

1±  L2. 

or  thus 

Sin  (»  + ^)  = sin  « (^1  — i|-  + j|-  - j|-  + &c.^ 

+ cosx(y-£  + ^-^  + &o^. 


(60.)  To  expand  cos  (x  + y). 

Cos  {x  + y)  = f {x  + y)  =f  (x)  + y (x)  + j|-  /"  (x)  + &o. 


Here 

/ (x)  = cos  X,  (x)  = — sin  x,  (x)  = — cos  05,  &o. 
On  substituting,  we  obtain 


Cos  (a5  + y)  = cos  05  — 2/  sin  a5  — cos  x + 

lA 


sin  05  + &c. 


= cos  05 


— Sin  X 


(61.)  To  expand  a=^  + K 

a*  + y = / (a:  + 2/)  = / (a)  + y/^  (x)  + ^ /“  (a;)  + &o. 
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Here 

f{x)  = a*,  /'(as)  = a*  log  a,  /“  {x)  = (log  ay,  &c. 


Therefore 


a^  + y = y log  a + 


(y  log  (xy 

\iJ  ^ / ffX 


lA 


+ &c. 


= a^(^l  + 2/  log  a + 


(y  log  ay  {y  log  a)^ 

I O I Q 


+ &c.^. 


Art.  16.— Maclaurin’s  Theorem. 


In  the  expansion  of  f (x  y),  by  Taylor^ s Theorem^  if  we 
put  X = 0,  we  have  then 

f{y)  =/(o  + y)  = f(o)  + 2//'(o)  + ^/“(o) 


Similarly,  we  may  show  that 
/(as)  =/(0)  + as/'(0)  + jJ/"(0)  + ^/'«(0)  + &c. 


This  result  is  called  Maclaurin’s  Theorem. 

The  beginner  has  usually  some  difdculty  in  interpreting 
the  meaning  of / (0),  /'  (0),  /*'  (0),  &c. 

Now 

/ (0)  is  what  / (x)  becomes  when  x = 0. 

/^(O)  » /'(*)  « >. 

/”(o)  „ r^ix) 


(62.)  Let  us  take  sin  x. 
Here 


/ (x)  = sin  X. 

and 

(a?)  = cos  X, 

(x)  = — sin  X, 
(ai)  = — cos  X, 


/(O)  = sin  0 = 0. 

(0)  = cos  0=1. 
y (0)  = — sin  0 = 0. 

(0)  = — cos  0 = — 1. 
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*=/(*)  =/(0)  + xf^{0)  + ^ /IL(0) 

+ jV"'(0)  + &c. 

= 0 + .xl  + |xO  + |x(-l)  + |xO  + &c. 


sin  X = t — 


^ x^  x’’ 

lA  1 5 “ ]T  + 


(63.)  Cos  a;  = / (*)  = / (0)  + a;  (0)  + ^ /n  (qj 

+ jY  C*^)  + &C. 

Here 


/(x)  = cos  a?. 

/^(^)  = ~ sin  X. 
(a?)  = — cos  X, 


/(O)  = cos  0 = 1 

/^(O)  = — sin  0 = 0. 
•*•  /”(0)  = ~ cos  0 = — 


• cos  0?  = 1 — 


^ a:® 

lA  1±  ~ ij 


(64.)  Exponential  Theorem. 
To  expand 

Here 


1. 


«"-/(*)-/  (0)  + xf^  (0)  + |-V“  (0)  + /™  (0)  + &o. 

Now 


/(0)=a0=l,  r (0)  = anoga  = ]oga, 

/“  (^)  = (log  a)2  = (log  a)2^  &c. 


.••«-=  1 + * log  « + (log  ay  + |!  (log  a)3  + 

If  we  substitute  e,  the  base  of  the  Napierian  logarithms, 
cij  w^e  ^et 

e‘'=l  + a:+  — + — 4.  &o.,  since  log^  e = 1, 
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(65.)  To  expand  tan  x. 

f {x)  = tan  a:  =/  (0)  + »/*  (0)  + |^/“(0)  + W 

+ [r/"(o)  + &c. 

f (a;)  = tan  x,  . • . / (0)  = tan  (0)  = 0. 

p (ic)  = 1 + tan^  X,  . • . (0)  = 1 4-  ^an^  (0)  = 1. 

(x)  = 2 tan  X 2 tan^  a;.  (0)  = 2 tan  (0) 

+ 2 tan^  (0)  = 0. 

(ic)  = 2 + 8 tan^  x + 6 tan^  x.  (0)  = 2, 

(iu)  =16  tan  oj  + 40  tan^  cc  + 24  tan®  x,  . • . (0)  = 0. 

f^{x)  = 16  + terms  involving  tan  x.  (0)  = 16,  &c. 

Therefore 

^2  ^3  ^4  ^5 

tan!B  = 0 + a;  + jY><  0 + — X 24-j^xO  + |yXl6-f&o; 
that  is 

2 cc® 

tan  oj  = a?  + — + — + &c. 

o 15 

(66.)  Expansion  of  log  (1  + *). 

f{x)  = log  (1  + x)  =/(0)  + xf{Q)  + jj/J'  (0) 

+ ,f  /’“  (0)  + &c. 

Here 

/(O)  = log  1 = 0. 

/‘W  =r^^  = i- 

/y>2  /y»3  /y.4  , 

log(l+*)=a=-|-  + |--|+&c. 
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In  this  result  let  x be  changed  to  — x, 

x'^  x^  x^ 

X — — _ _ _ _ 

2 3 4 


log  (1  - x) 


&c. 


Art.  17. — Euler’s  Formulae  for  Sine  and  Cosine. 

If  we  expand  V - 1 by  Maclaurin’s  Theorem  we  obtain 

/ — x‘^  , x^  p 

gxV-  1 1 - _ + — - &C.  . . . 

+ a/ - 1 I*  - j|-  + jy  - &C. 

= COS  X 1 sin  X,  by  (62),  (63). 

Change  a;  to  — a;,  and  we  have 

‘-’''"“'-l+l-"”- 

= cos  a;  — V — 1 sin  x. 

On  adding  and  dividing  by  2,  we  get 
V-  1 _f-  e ” 

cos  X = 2 • 

Subtracting,  we  get 


sin  X = 


2 


Art.  18.^ — Hyperbolic  Functions. 

Let  P B Q be  a hyperbolic  curve  whose  equation  is 

o?  62  ~ 

* The  student  may  omit  this  article  till  he  has  mastered  the  elements 
of  the  integral  calculus.  , 
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It  is  easy  to  prove  that  the  sectorial  area  0 B P 


X y 

•  L £-  pu 

• • ^7  • • • 

a 0 

where  e is  the  base  of  the  Napierian  logarithms. 

By  the  equation  of  the  curve  we  have 

- KM)" 

1 X y 

• _ — £ — p '-U 

• • 7 — 6.**# 

a 0 


I I Adding  (a)  and  (b)  we  obtain 

^ = i(e«+e-«), 

tl 


^.md  subtracting,  we  have 
i'i 


()0 
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former  is  called  the  hyperbolic  cosine  of  w,  and  thwj 
^ker  the  hyperbolic  sine  of  u,  and  denoted  by  cos  h ii  anc 
.in  h u respectively. 

(67.)  Cos  Aw  = 1 + e-^). 

d (cos  h u) 
du 


= J — e " ")  = sin  A w = V cos  w — 1 . 


Similarly, 

d (sin  hvt)  ^ , t— — tt; 

— ^ (e^  + e ” “)  = cos  A w = v sm  A^  w + 1. 


Also  cos  h?u  — sin  A^  w = 1. 
Again,  let  cos  hu  = x. 
d X 


d u 


d u 
d X 


COS  A “ 1 a;  = log  (a;  + V — 1). 

Similarly,  we  can  show  that 

sin  A ic  = log  (aj  + V a;^  + 1). 

(68.)  To  expand  tan-^a;. 

Assume  tan“  ^ x = a + hx  + c d x^  -\-  &c.,  and  dfl 
rentiate  both  sides  of  this  equation  with  regard  to  x^  the^ 
fore 

— - — - = A + 2ca;  + 3da;^4-  . • (a) 

1 + 

Now 


1 + aj2 

1 

1 + a;^ 


= 1 — aj^  -f  > • • if^) 


and  since  (a)  and  (^)  are  identical,  we  may  assume  that  the 
coefficients  of  like  powers  of  x are  equal  in  both  expressions  I 
therefore  A = l,c  = 0, = and  a = 0,  since  tan”  ^ (0)  = OJ 


tan”  ia;  = a; 3"^“5 7"^ 
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(69.)  To  expand  sin-  ^ x. 

Assume 

sin-  X =za-\-hx-\-Gx^  + dx^  + ex^-\‘  &c.  • (a) 

Differentiate  both  sides  ; thus 


But 


(y) 


Equating  the  coefficients  of  like  powers  of  x in  (^)  and 


(y)  we  get  6 = 1,  c = 0,  d = e = 0,  &c.,  and  a = 0, 


sin- 1(0)  = 0. 

On  substituting  these  values  for  a,  c,  d,  &c.,  in  (a)  we 
have 


sin”  1 a;  = ic  + 


In  the  above  trigonometrical  expansions  the  angle  x is 
imated  in  circular  measure,  and  in  order  that  the  expan- 
ns  may  form  rapidly  convergent  series,  the  value  of  x must 
less  than  unity.  We  add  a few  numerical  examples: — 

(70.)  To  find  the  sine  and  cosine  of  10°. 

We  must  express  10°  in  radians,  that  is,  radians ; 

lo 

jrefore  by  (62), 


sin  10°  = •173,6482.  ..  . 
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cos  10°  = 1 - L 

Li  V18 


?/ 


cos  10°  = ’9848078.  . . . 


(71.)  To  find  the  tangent  of  24°. 

By  (66) 


tan  24°  = ’4462287. 


By  means  of  examples  (70)  we  can  find  the  sine  or  cosine 
of  any  angle  less  than  one  radian:  but  we  can  also  make 
use  of  it  to  find  the  sine  or  cosine  of  an  angle  greater  than 
one  radian. 

Suppose  we  want  the  sine  of  78°.  Now 
sin  78°=  cosl2°  = l SfjLY^  ^ ■ » 

LiVl6/  + wkte) 

= ’9781476. 


Examples. 

1.  Expand  (1  + a;)  e*  by  Maclaurin’s  Theorem  to  six 
terms.  ; 


, 2x^  5x^ 


Ans.  l + 2x  + ^-l.  — + "1:1  4.i:i&c 
2 ~ 3 ^ 24  ^ 20  ^ ® ■ 


2.  Expand  e*  sin  x in  powers  of  x. 


Ans.  a:  + ^ ^ 

3 30  90  630  ^ ® 


3.  Expand  to  five  terms  e®  sec  x. 


2a;3 


Ans.  1 +x-^  + 


4.  Expand  log  (1  -j-  e“*)  to  four  terms. 


Ans.  Log  2 + -?  + 

2^8 


,2  0^2 


X 


192 


. . &c. 
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5.  Expand  ® to  five  terms  in  powers  of  x. 

, ^ x^  5 

Ans.  1 + ^ + 

6.  Expand  e“^  log  (1  -}~  “tc)  four  terms  in  powers  of  x. 

l^x^ 


. 3 03^  4 03^ 

Ans.  x-  — + ~ 


12 


+ &c. 


7.  Prove  tliat  log  jcc  + V 1 + ^ ^ “I" 

8.  Expand  (sec  x^  to  three  terms. 

. nx‘^  (3  _|_  2 ir)  cc^  . 

Ans.  1 + ^ + ^ - + &c. 

9.  Expand  + ^ cos  x to  six  terms. 

. 1 . x^  x^  x^  , x^  „ ) 

Ans.  <1  4-  X • . . &c*>* 

1 ^ 3 6 30  ^ 630  j 

10.  Expand  sin~  ^ (a:  + 2^),  by  Taylor’s  Theorem,  to  four 
terms  in  powers  of  y. 


y 


.+ 


2^*  1 4-  2 *2 

+ — 7^ + &C. 


1^  (1  - x^)i  ^ 1^  (1  - *2) 


Ans.  Sin”  ^ x + 
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CHAPTEE  IV. 

INDETERMINATE  FORMS. 


Art.  19. — An  algebraic  or  transcendental  function  of  a 
variable  is  said  to  be  indeterminate  when  for  a particular 
value  of  the  variable  the  function  assumes  one  or  other  of 

the  forms  , 0^,  cc  ^ and  1 ± . 

0 oc 

For  example : 


— ax  -\-  cx  --  ac  0 . 

- - - = - when  x = a . 

— air  + Oic— a6  0 

1 

. (a) 

TT 

X 

a2  CC  - TT 

•7 = — when  x = - • 

tan  X cc  2 

. (b) 

(xy^^  a?  _ QO  wJien  a;  = 0 . 

. (c) 

X 

(cosec  xy  = cc  ^ when  a?  = 0 . 

• (d) 

(sin  xy^^  = 1“  when  x = ^ . • 

. (e) 

(1  + — 1-  oc  xvhen  a;  = 0.  . 

. (/) 

We  shall  endeavour  to  show  how  the  true  value  of  suchi 

expressions  may  be  obtained  when  the  variable  approaches 

that  limit  which  renders  the  expression  indeterminate. 

Expressions  such  as  (a)  and  (h)  are  either  in  the  form 

f(x)  ' 

or  they  can  be  easily  expressed  in  that  form.  Now 

suppose  / (x)  and  (x)  are  both  zero  when  x = a. 
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If  we  substitute  (x  + Ji)  instead  of  x in  each  function 
where  h is  indefinitely  small,  we  have  the  limiting  value  of 

h)  ^ fix)  , 

0 (a;  + h)  </)  (x)  ' 

but  by  a theorem  in  algebra,  each  of  these  fractions  is  equal 
to  the  fraction  whose  numerator  is  the  difference  of  the  two 
numerators  and  whose  denominator  is  the  difference  of  the 
two  denominators,  therefore 

fjx  + h)  -f(x) 

fix)  _ fjx  + h)  - fjx)  h 

^ {x)  <f>  ix  h)  — <j>  ix)  ix  h)  — (f>  (ie)  ’ 

h 


that  is  therefore  the  limiting  value  of 


a;  = a is 


<i>‘ix) 

rio)_ 

(«) 


fix) 

<t>ix) 


wheu 


If 


<f>^ix) 


be  indeterminate  we  proceed  to  the  second  de- 


rived functions,  &c.,  until  one  or  both  functions  cease  to 
vanish  or  become  infinite. 


(72.)  Find  the  true  value  of  ^ ^ when  a?  = 0. 

sin*^  X 


Here  ^ ^ ; therefore  the  limiting  value  of 

</>  (a?)  sin^  X 

, ^ when  a;  = 0,  is  ^ ; that  is, 

Ln^  X </)  (0) 

1 — cos  0^  _ 1 — cos  0^ 

3 sin^  0^  cos  0®  3 (1  — cos^  0®)  cos  0^ 

1 1 


3 (1  + cos  0®)  cos  0®  6 


(73.)  Find  the  true  value  of  — ^ when 

cos mx  ^ cos n x 

ir  = 0, 

¥ 


G6 
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Here 

/ (^)  px  ^ cos  q X 

</)  (a?)  cos  mx  cos  n x ’ 

the  limiting  value  of  which  is 

— jp  sin  j9  X q sin  ^ a;  __  0 

— ra  sin  mx  n cos  nx  0 


when  a?  = 0,  which  is  indeterminate.  We  proceed  to  the 
second  derived  functions,  therefore  the  limiting  value  of 


is 


when  a?  = 0. 


— jp  sin  px  q sin  q x 

— m sin  mx  + n sin  n x 

-- cospx  + q"^  cosqx  __ 

— cos  mx  cos  nx 


(74.) 


Find  the  value  of  tan  x 


sec  X when 


TT 


Here  we  have 


tan  x 


1 • ( V 

x^  sin  ar  — ( _ I 
W 

cos  X ' 


the  limiting  value  of  which  is 
2 a;  sin  a;  + a)^  cos  x 

L = — TT,  when  a:  = _• 

— sin  X 2 


(75.)  Find  the  true  value  of  (tan  when  a?  = 0. 
This  is  in  the  form  0'’. 


Let  y = (tan  a;) 


log  y = sin  x log  tan  x 


log  tan  X 


cosec  X 
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the  limiting  value  of  which  is 


sin  X 


= 0 when  x = 0; 


that  is, 

log  y = 0 when  a?  = 0. 

• ••  .y  = i; 

that  is,  the  limiting  value  of 

(tan  « ) * when  a?  = 0,  is  1. 

(76.)  Find  the  true  value  of  (tan  a;)  when  aj  = 

This  is  of  the  form  (x  y. 

Let 

t/  = (tan  x) 

I 1 . log  tan  X 

. log  y = cos  X log  tan  x = — 2 , 

sec  X 


the  limiting  value  of  which  is 
cot  X sec^  X 


sec  X tan  x 


= cos  X cosec^  a?  = 0 when  x = 


(tan  a;)cosa;  — I when  a?  = 

^ ' 2 


(77.)  Find  the  true  value  of  x^~^  when  a;  = 1. 

1 


Let  y = x^  ®. 
value  of  which  is 


logy  = 


1 — a? 


log  X,  the  limiting 


that  is, 


= — j = — 1 when  a;  = 1 ; 


log  2/  = - 1. 

. • . ^ = e - 1 when  a?  = 1. 


F 2 


bO|  si 
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Examples. 

Find  the  limiting  value  of  the  following  expressions. 

^ — 1 + 4:  X + 12  ^ o A 6 

1.  — -L when  a;  = 2.  Ans. 

— 14  a?  + 24  5 

2.  when  a;  = 1.  Ans.  j. 

a;^  - 1 4 

3.  sin  ^ ~ ^ when  a?  = 0.  Ans,  oc  . 


. 3 6“"  — a;^  — 3aj  — 3i  ^ . 3 

4.  when  a;  = 0.  Ans, 

tan^  a;  2 

sm2g  + 2 sm^g  - 2 smg  ^ ^ 

COS  0 — cos^  6, 

6.  ^ 7"  ^ when  a;  = 1.  Ans,  log  a®  6^ 
log  X 

„ a sin  X — sin  ax  ^ ^ a ci 

7.  — ; r when  a?  = 0.  Ans,  - . 

X (cos  X — cos  ax)  3 

o a;^  — 3 cos^  a?  + 3 , ^ ^ 

8.  ! — when  a;  = 0.  Ans,  3. 

when  ar  = 0.  Ans,  — 8. 


9,  (e^ 


10, 


log  (1  + x)  X 

sin^  4 a;  4-  2 cos^  a;  — 2 cos  a?  . r.  oa 

5 when  a;  = 0.  Ans,  30. 


cos^  X — COS"^  X 


11.  + ^ ) ^iien  a?  = 0.  Ans,  1. 


sec  X — cos  X 


-lo  ^ + sin  a;  — 4 sin  4 aj)^  , r.  a 128 

12. "^  7o-T 1 f— 4 x=0,  Ans,  — . 

(3  + cos  a;  ~ 4 cos  ^ a;)'^  ^ 81 

-lo  * (d  sin  X — sin  3 a?)^  , ^ 

13. *  ^ ^ when  a;  = 0.  Ans,  256. 

(sec  X — cos  2 a;)^ 

e®  — e®  2 a e® 

14.  when  x = a,  Ans, 


cos 


TT  X 

2 a 


Expand  the  sines  and  cosines  by  (62)  and  (63)  before  differentiating^ 
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15. 


16. 


17. 

18. 

19. 

20. 


when  a;  = 1.  Ans.  cs  . 

aJ  1 — X 

(cot  when  a;  = 0.  Ans.  1. 

1 

^logaa;  aj  = OC  . AnS.  6, 

1 

(1  + a xy  when  a;  = 0.  Ans.  e% 

E^  + C^'+D°’^  when  a;  = oc . Ans.  A B CD, 

COS  2 a?  + 2 cos^  a?  — 2 cos  a;  + 1 

^ r-15 — when  X 

sm  X — sin^  X 

Ans.  oc  • 


fcOl  s| 
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CHAPTER  V.  ' 

1 ^ 

MAXIMA  AND  MINIMA  OF  FUNCTIONS  | 
ONE  VARIABLE.  s ^ 

Art  20. — We  have  already  shown  in  Chapter  I.  howtl  )f  | 
value  of  any  function  of  a single  variable  depends  upon  tl  5 
value  we  assign  to  the  variable.  ^ ^ 

Now,  suppose  the  variable  to  increase  continuously  fro  ^ 
one  definite  value  to  another,  and  in  consequence  of  iV 
gradual  change,  suppose  the  function  to  be  gradually  in- 
creasing at  one  time,  and  at  another  time  gradually  diminish 
ing  ; there  must  be  some  particular  value  of  the  variable  foi 
which  the  function  ceases  to  increase  and  begins  to  diminish 
The  corresponding  value  ol  the  function  is  called  a maximur 
value. 

Again,  in  consequence  of  this  gradual  change  of  the 
variable,  suppose  that  at  one  time  the  value  of  the  function 
is  gradually  diminishing,  and  at  another  time  gradually  in- 
creasing ; there  must  be  some  particular  value  of  the  variable 
for  which  the  function  ceases  to  diminish  and  begins  to  in- 
crease. This  value  is  called  a minimum  value  of  the  function. 

The  student  should  observe  that  the  terms  maximum  and 
minimum  values  of  a function  do  not  necessarily  mean  the 
numerically  greatest  and  least  values  of  the  function,  as  a 
function  may  have  several  maxima  and  several  minima  values 
A maximum  value  of  a function  may  be  numerically  less 
than  a minimum  value  of  it. 

For  a particular  value  of  the  variable,  a function  may  cease 
to  increase  or  diminish  ; but  if  it  does  not  begin  to  diminish 
or  increase  respectively  on  passing  through  this  value,  it  is 
neither  a maximum  nor  a minimum. 
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We  shall  illustrate  the  foregoing  by  means  of  an  example. 
(78.)  Let  2^  = 12^5  - 135  + 580  « 1170  + 1O8O/. 

.f  X increases  continuously  from  zero  up  to  4,  on  plotting  the 
values  of  x horizontally  and  the  corresponding  values  of  y 
vertically,  it  will  be  found  that  when  x — y = 0,  and  that 
as  X increases  from  0 to  1,  the  value  of  y increases  until  a;  = 1. 
4s  X increases  from  1 to  2,  y diminishes,  and  when  x = 2,  y 
3eases  to  diminish.  As  x increases  from  2 to  3,  ^ increases, 

I 


Y 


and  when  « = 3 the  increment  of  y is  zero.  As  x increases 
, rom  3 to  4, 2/  increases  : therefore,  when  a;  = 1,  ?/  is  a maxi- 
mum, and  when  x = 2,  y is  o,  minimum,  and  when  a;  = 3,  2/  is 
neither  a maximum  nor  a minimum,  since  the  increment  of  y 
does  not  change  in  sign  as  x gets  greater  than  3. 

Now  ^ represents  the  rate  of  increase  of  the  function,  or 
ax 

the  slope  of  the  curve,  as  x increases  continuously,  and  may 
oe  positive,  zero,  negative,  or  infinite,  depending  upon  the 

instantar.^ous  value  of  x.  Now  ^ will  be  positive  if  func- 

dx 

tion  X is  approaching  a maximum  value  as  x increases,  and 
will  be  negative  if  function  x is  approaching  a minimum. 

When  function  x is  either  a maximum  or  a minimum,  ^ is 

dx 

zero.  This  is  evident  on  referring  to  the  figure,  since 

dx 

represents  the  tangent  of  the  angle  which  the  tangent  to  a 
curve  makes  with  the  axis  of  x. 
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Therefore  we  deduce  the  following  rule  for  finding  tl 
values  of  X which  make  function  x a maximum  or  minimur 
Differentiate  the  function  of  x and  equate  the  first  derived  funA 
tion  to  zero;  the  roots  of  this  equation  will  in  general  rendt\ 
function  x a maximum  or  minimum. 

It  remains  to  find  whether  a given  root  renders  function  i 
a maximum,  minimum,  or  neither. 

If  an  adjacent  value  less  than  the  given  root  render; 

^ ^ , or  first  derived  function  of  x and  an  adjacent  valu< 

(a/  oc  ^ 

d v • • 

greater  than  the  root  renders  — “ , or  first  derived  function  d 

a X 

X — ; then  that  root  will  render  function  x a maximum^  sinct 
the  function  is  increasing,  as  x increases,  for  an  adjacent  les 
value,  and  is  diminishing,  as  x increases,  for  an  adjacei 
greater  value. 

Similarly,  if  an  adjacent  value  less  than  a given  roo 
renders  first  derived  function  x — , and  an  adjacent  greatei^ 
value  than  the  root  renders  the  first  derived  function  x 
then  that  root  will  render  function  x a minimum^  since  thd 
function  is  diminishing  for  a smaller,  and  increasing  for 
greater  value  than  the  given  root. 

Again,  if  function  cr  is  -|-  or  — for  an  adjacent  value  less\ 
than  a given  root,  and  also  or  — respectively  for  at  * 
adjacent  value  greater  than  the  given  root,  that  root  wih 
render  the  function  neither  a maximum  nor  minimum,  since 
the  first  derived  function  does  not  change  in  sign. 

(79.)  If  we  diflferentiate  example  (78)  we  get 

^ = 60  (*  - 1)  {x  -2){x-  2,y, 
a X 

and  equating  this  to  zero  the  roots  are  1,  2,  and  3, 

+ 


If  ic  be  < 1 , 

- 1 ii 

” . ^ dx 


0 


therefore  a;  = 1,  a maximum. 
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If  aj  be  < 2 _ — 

=2  f-’  0 
„ >2  <**  + 


therefore  x = 2,  a minimum. 

If  a;  be  •<  3 
„ = 3 

„ >3 


d X 


+ 

0 

+ 


therefore  a:  = 3,  neitlier  a maximum  nor  minimum. 
Differentiate  first  derived  function  ; 


= 60  (4!k3  _ 27  *2  + 58  a:  - 39). 


d‘^  y 

Now  ^ represents  the  rate  of  change  of  the  slope  of  a 

curve  at  any  point  on  the  curve ; therefore,  when  the  function 
is  a maximum  the  change  of  slope  will  be  negative,  and 
when  the  function  is  a minimum  the  change  of  slope  will  be 
positive,  as  x gradually  increases  : therefore  that  root  which 
d^  y • • 

renders  ^—7^  negative  will  render  function  x a maximum^  and  that 
d‘^  y 

root  which  renders  ^ 'positive  will  make  function  x a minimum, 

^2  y 

and  that  root  which  renders  -7-^  zero  will  in  general  render 

dx^  ^ 

function  x neither  a maximum  nor  a minimum. 

Substituting  1,  2,  and  3 for  x,  in  4 a;^  — 27  aj^  + ^ 

it  will  be  — , + and  0 respectively ; therefore  a?  = 1 a 
maximum,  a?  = 2 a minimum,  x = 3 neither. 

Art.  21. — In  the  la^t  article  we  stated  that  a value  of  x 

which  renders  ^ zero  will  in  general  render  function  x 
dx^ 

neither  a maximum  nor  a minimum.  That  value  of  x which 


t?he  differential  calculus. 


d^y 


ders  z/ero  may  render  function  x a maximum  or  a 
dx^  ! 


iiders  ^ 

minimum,  as/ we  shall  now  endeavour  to  show. 

Let  a he  that  value  of  x which  renders  / (x)  a maximum 
or  a minimum  ; then 

/ + ^)  - / (a)  and  f {a  - K)  - f (a) 

will  both  be  negative  if  / (a)  be  a maximum,  and  will  both 
be  positive  if  / (a)  be  a minimum. 

By  Taylor's  Theorem  we  have 

/(a  + A)  - / (a)  = ft/*  (a)  + yj/"  («)  + (a)  + &c.  (a) 

7/2  7/3  • 

/(a  - ft)  - /(a)  = - ft/*  («)  + y^/**  (a)  - -/*'*(«)  + &c.  {P) 


In  these  equations  (a)  and  (/?),  if  h be  very  small,  it  is 
evident  that  the  sign  of  the  right-hand  side  is  the  same  as 
the  sign  of  the  first  term ; therefore  the  condition  fur  either 
a maximum  or  minimum  is  that  (a)  = 0,  for  if  not,  then 
f {a  — f (a)  and  f (a  ^ h)  --  would  be  opposite  in 

sign. 

7/2  7,3 

/(a  + ft)  -/(«)  = |-/**(«)  + yj/"*(«) 

and 

^2  7,3  14 

f(a  - ft)  -/(a)  = J/"(a)  - |3-/‘"(«)  + ^/'^(«)  - 


If  / (a)  be  a maximum,  /(«  ± ^0  “ / W be  nega- 

tive ; therefore  /”  (a)  must  be  negative  if  it  be  not  zero,  since 
is  positive.  If  f(a)  be  a minimum, /(a  ± ^)  — /(^t)  must 
be  positive.  Hence  for  a maximum  or  minimum  (a)  must 
be  negative  or  positive  respectively,  if  it  be  not  zero. 

Again,  if  (a)  be  zero,  then  the  condition  for  a maximum 
or  minimum  is  that  (a)  = 0,  otherwise  f(a  + h)—  f (a) 
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and  /(a  — h)  — f (a)  would  be  opposite  in  sign;  there^ 
for  a maximnm  (a)  must  be  negative  if  not  zero,  an 
minimum  (a)  must  be  positive  if  not  zero. 

By  similar  reasoning  it  can  be  shown  that  if  n b^ 
the  first  n differential  coefficients  of  f{x)  vanish  vji 
then  f{x)  is  a maximum  or  minimum  acco: 

(n  4"  l)th  differential  coefficient  is  negative  or 
if  n be  even,  f(a)  is  neither  a maximnm  nor  a mini? 

(80.)  To  find  the  values  of  x which  will 
— S + 72  a maximum  or  mining 

Here 

^ ^ = 12  - 2 — 3 a;)  = 0 for  a max.  or  mil 

a;  = — 1,  0,  or  3. 
d^y 


d X 


2 = 36a;2  - 48  a;  - 36. 


y 

If  a;  = — 1 = 4“  48  positive.  a;  = — 1,  a min. 

^2  y 

If  a;  = 0 = — 36  negative.  .*.  a;  = 0,  a max. 

a X 

^2  y 

If  a;  = 3 = 144  positive.  a;  = 3,  a min. 

a X 


(81.)  To  find  the  maximum  and  minimum  values 
a;^  — 7 a;  + 6 
»-10  ■ 

dy  (a;  — 4)  (a;  16)  ^ _ 

— 7 — — = 0 tor  a max.  or  min. 

dx  (a;  — 10)^ 


d v 

When  a;  < 4,  = 4,  > 4,  ~ +j  0,  — respectively,  therefore 
a X 

a;  = 4,  a maximum. 
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d y 

When  a?  < 10,  = 10,  > 10,  , a,  — , therefore  a?  = 10 

Oj  a7 


r a max.  nor  min.,  since 
<16,  = 16,  >16, 


dx 

dx 


does  not  change  in  sign. 

— , 0,  + respectively,  there- 


1 

I 


, a minimum. 

= 4,  2/  = ^ maximum.  If  a;  = 16,  y = 25,  a 

his  example  the  maximum  is  less  than  the  minimum  \ 

rt.  20).  I 

t would  he  interesting  to  plot  on  squared  paper  the  curve 
epresenting  the  relation  between  y and  a;,  observing  what  j 
occurs  as  x gradually  increases  from  0 up  to  20. 

(82.)  Divide  a line  into  two  parts  such  that  the 
rectangle  under  them  may  be  a maximum. 

Let  a denote  the  line.  Then,  if  x denote  one  part,  a — a?  ' 
will  denote  the  other  part,  and  a;  (a  — a;)  is  to  be  a maximum.  , 

d y 

Let  y = X (a  ~~  x).  Therefore  — = a“-2a;  = 0 for  a 


I 


maximum. 


X = -,  that  is,  the  line  must  be  bisected. 
2 


(83.)  Find  two  factors  of  a,  so  that  the  sum  of 
their  squares  is  a minimum.  . 

Let  X denote  one  factor,  then  - denotes  the  other  factor,  r 

X 

Therefore  y = x'^  4-  — is  to  be  a minimum.  i 

x^  , 

dy  ^ 2 ..  , — ‘ 

2 X ^ = 0 lor  a minimum.  a?  = v a.  i 

dx  x"^  \ 

i 

(84.)  The  strength  of  a rectangular  beam  of  given  f 
length  and  material  and  loaded  in  any  particular  ^ 
way,  is  proportional  to  its  breadth  and  to  the 
square  of  its  depth.  What  is  the  breadth  of  the  ( 
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tree  of  12  inches  diameter  P 


Let  X denote  the  required  breadth  in 


inches ; then  ^ will  denote  the 


depth.  The  strength  is  proportional  to  j 


f (122  _ 

Let  y = X (122  _ ^2^^ 


M 


^ = 144  — 3 cc2  — Q fQj.  maximum. 
ax 


Fig.  7. 


X = 4 inches,  and  depth  = 4^6  inches. 

(85.)  To  find  the  depth  of  the  stiffest  beam  that 
can  be  cut  from  a cylindric  tree  12  inches  in 
diameter  and  of  given  length.  Stiffness  is  pro- 
portional to  the  breadth  and  to  the  cube  of  the 
depth. 

' Let  X denote  the  required  breadth ; then  V 122  _ ^2 


denote  the  depth  in  inches. 


f 


I The  stiffness  is  proportional  to  a;  (122  _ ^^2^1^ 

1 Let  2/  = a?  (122  — ^2^1^ 


•.  ^ = (122  _ ^2^1  _ 3 aj2  (122  — = 0 for  a maximum. 


i 


Therefore  144  — 4a;2  — a?  = 6 inches,  the  required 

breadth  ; therefore  the  required  depth  is  6 V 3 inches. 

< f- 

(86.)  IfC2r+  - is  the  total  waste  per  mile  going 

on  in  an  electric  conductor  (r  ohms  resistance  per 
mile),  due  to  heat,  interest  and  depreciation,  find 
the  relation  between  C,  r and  t when  the  waste  is 
a minimum. 

Let  ^ + — > C and  t being  constants. 
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Lord  Kelvin’s  rule  is  C r = 17,  where  C is  the  current  in 
mperes,  r the  resistance  in  ohms  per  mile  of  conductor.  The 
numerical  value  of  r in  terms  of  the  cross-sectional  area  a of 

conductor  is  approximately. 


a = 


425  ‘ 


For  a minimum  cost  the  carriage  is  therefore  425  amperos ; 
per  square  inch  of  cross-sectional  area  of  conductor. 

(87.)  To  find  the  proper  section  of  a conductor  to 
transmit  a given  power  of  P watts  over  a distance  of 
n miles,  taking  into  account  the  drop  in  potential 
due  to  the  distance. 

Let  he  the  potential  at  the  generator,  and  V the  po- 
tential at  the  motor,  r the  resistance  in  ohms  per  milfB, 
therefore  the  total  resistance  nr.  — V = drop  in  voltj-s 
= « r C,  where  C is  Ihe  current  in  amperes ; therefore  \ 

V = V,-nrC,  andP  = C(V, -nrC);  \ 


therefore 


r 


CV, -P 


• 


Substituting  this  value  of  r in  the  rule  for  waste, 

r 

we  have  waste 

w - CMOV,-P) 

“^CV, -P' 


We  ■want  the  waste  to  be  a minimum,  C being  the  indepen- 
dent variable,  V„  P,  n,  and  t being  constants, 


dW_V,  , 2«<2C(CV, -P)-¥,<2«C2 
■ ■ dC  n (C  V,  - 


for  a minimum,  therefore 

V,  (CV,  - P)2-l-  - P)  - V,<^«^C2=  0.  (a) 
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I 14.  Find  the  cone  of  maxinmm  volume  that  can 
: scribed  in  a hemisphere  of  radius  r,  its  vertex  being  at  the 
centre  of  the  sphere. 


4‘ 

I. 


Ans.  Vol  = 


2>v/3: 


27 


15.  Find  the  cone  of  minimum  volume  that  can  be 
described  about  a given  hemisphere. 


Ans,  Vol  = 


77  r 


V3 


1 6.  The  area  of  a rectangle  is  given ; find  the  ratio  of  the 
1 lengths  of  two  adjacent  sides  if  the  sum  of  three  sides  is  a 
' minimum. 

Ans.  2 : 1. 

17.  Find  the  cone  of  minimum  surface  that  can  be 
described  about  a given  hemisphere. 

8 77 


Vol  = 


18.  Find  the  height  of  the  flame  of  a lamp  standing  on  the 
centre  of  a round  table  4 ft.  in  diameter,  so  that  a given 
horizontal  area  at  its  edge  may  receive  the  greatest  illumina- 

rttion  from  it.  The  intensity  of  light  varies  directly  as  the 
b&ine  of  the  angle  which  a ray  makes  with  the  plane  of 
|;fhe  table,  and  inversely  as  the  square  of  tfie  distance. 

Ans.  Height  =12  V 2 inches. 

19.  Find  the  greatest  cylinder  that  can  be  inscribed  in  a 
^ given  hemisphere. 

Ans.  = 


2Q.  A line  A B is  terminated  by  the  axes  of  X and  Y and 
Jpses  through  a fixed  point  P,  whose  distances  from  the  axes 

G 2 
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A P2  + B is  a minimum. 

Ans,  Tan  - ^ — with  axis  of  X. 


21.  Find  the  dimensions  of  the  strongest  rectangulL-r 
beam  of  given  length  that  can  be  cut  from  a cylindric  tree 
a feet  in  diameter. 


Ans,  Breadth  = . 

o 

Depth 

O 


22.  Find  the  stiffest  beam  that  can  be  cut  from  the  tre  . 
mentioned  in  Example  21. 


Ans.  Depth  = ^ 


Breadth  = 

2 


23.  Find  the  proper  section  of  a conductor  to  transmit 
60,000  watts  over  a distance  of  10  miles,  the  potential  at  the 
generator  being  2000  volts.  (See  Example  87.) 

Ans.  *076  sq.  inch. 

24.  At  what  distance  from  the  wall  of  a house  must  a 
man,  whose  eye  is  feet  above  the  ground,  station  himself, 
in  order  that  a window  5 feet  high,  whose  sill  is  20 J feet 
above  the  ground,  may  subtend  the  greatest  vertical  angh  . 

Ans.  10  V 3 feet. 

25.  Given  the  length  of  an  arc  of  a circle  Z,  find  whj  i 
portion  of  a circle  it  must  be  so  that  the  corresponding 
•egment  shall  be  a maximum. 

Ans.  Z = TT  r,  where  r is  the  radius  of  the  circle. 
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CHAPTEE  VI. 

DIFFERENTIAL  COEFFICIENT  OF  A FUNC- 
TION OF  TWO  OR  MORE  VARIABLES,  AND 
OF  IMPLICIT  FUNCTIONS. 

Art  22. — Let  v = f(x,  y)  where  x and  y are  both  variables, 
and  suppose  x and  y to  receive  finite  increments  S x and  S y 
''  respectively,  and  let  8 v denote  the  corresponding  increment 
of  ».  We  have 

® =/(x  + Sx,  y + $y). 

Sv  =/(x  + Sx,  y + Sy) -/(x,  y) 

= /(x-l-Sx,y  + Sy)  -f{x,  y -J-  Sy)  +f{x,  y -|-  Sy)  -f{x,  y) 

{f(x  -f  8a:,  y +^y)  -f(x,  y -f  82^)}  „ 

= lx 

\f{x,  y + ^y)  - /(a;,  y)] 

ly  s'* 

Suppose  8a;  and  Sy,  and  consequently  Sv,  to  diminish 
indefinitely ; therefore 

_ {/(a;  + dx,  y-\-  dy)-f(x,  y + dy)} 

, {/(*.  y + dy)- /{x,  y)}. 

that  is, 

= + • • •(«) 
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where 

/^\  _ f{x  + dx,  y + dy)  — f{x,  y + dy) 
dx 

f{x  + dx,  y)  - f{xy) 
dx 


when  dy  indefinitely  small.  That  is,  is  the  differ- 

ential coefficient  of  f (x,  y),  treating  ^ as  a constant,  and 


that  is,  the  differential  coefficient  of  f{x,  y\  treating  a?  as  a 
constant. 


and  called  the  partial  differential  coeffi- 

cients of  / (a?,  y)  with  respect  to  x and  y respectively,  and  d v 
is  the  complete  differential  of  f(x,  y),  when  x and  y both 
vary.  Therefore  the  complete  differential  of  a function  of 
two  variables  is  the  sum  of  the  differentials  of  the  function 
with  respect  to  the  two  variables. 

(93.)  Let 

V = a x’^  + 2h  xy  cy^^ ; 


therefore 


Here 


and 


dv  = 2(ax  + hy)dx-\-2(hx-{-cy)dy. 

2(aa?  + 62/)(ia; 

fd  V 


(94.)  Let 
therefore 


v = a?  sin  ^ ; 

dv  = sin  ydx  + x cos ydy. 


! 
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(95.)  Let 
therefore 


V ==  x'^  y^; 


dv  = nx'^-'^y'*^dx-\-my'^“'^  x^d  y. 


Art.  23. — If  v = f(x,  y,  z),  and  if  x,  y and  z receive  finite 
increments^  Sx,  Sy  and  S z,  and  in  consequence  let  v become 
«;  + S ; therefore 

« + §»=/(« + Sa;,  y + By,  a + Sz); 

therefore 

8v=f(x  + 8a:,  y + By,  z+  Bz)  -/(x,  y,  z) 

= f{x  + 8a:,  y-\-By,  z + 82)  - fix,  y + By,  2 + 82) 

+ /(a’)  y + z + Bz)  - fix,  y,  2 + 82) 

+ /(«,  y,  z + Bz)  - fix,  y,  2) 

_ {/(a;+  8a:,  y + By,  z + 82)  -fjx,  y+By,  2 + 82} 

dx 


, {/(a;.  2^+ 2 + 82)  -/(a:,  2 + 82)}  , 

+ dy 

, {fix,  y,  Z + Bz)  - fix,  y,  2)  , 

+ STz 


that  is, 


dv  = 


dx  + 


d z, 


when  Sx,  Sy  and  8 z become  indefinitely  small. 

Similarly,  we  could  extend  this  process  of  reasoning  to  a 
function  of  any  number  of  variables. 


Let  V = f ix,  y,  z,  . . 

. . ),  therefore, 

d.^(p:)d,+ 

\dx/ 

0^y^ir>-  ■ • 

(96.)  Let 

/V.2  /n2  «2 

V = 

X^  yz- 

^ — J 

c2’ 
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Art.  24. — In  the  equation  (a)  of  Art.  22,  if  v = o,  we  have 
/ C^y  y)  = say  that  x is  an  implicit  function  of  or 

y is  an  implicit  function  of  x.  Since  f (x,  y)  =z  0 for  all 
yalues  of  x and  y,  therefore, 

/ (aj  + 8 a?,  2/  + 8 2/)  = hence  d «?  = 0, 

therefore 


therefore 


dx 


/dv\ 

\dx) 

(Tn- 

\dy/ 


(97.)  Fmd||,gi.eng+g-l=0. 
Here 

d V _ 2x  dv  ^2y 

d^  " Ty'~ 


therefore 


d^ 

dx 


d V 


Id"  X 

r 


(98.)  To  find  — where  p = y^  -i- + 3 ay  z,  and  y = tan  x 


z = or. 

Here 

and  since  y and  z are  functions  of  x^ 

dv^/dv\dy  /dv\dz 

d^  ~ Uy)  rx  \dz)  dx 


Now 
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and 


d z 
dx 


= a®  log  a. 


On  substituting  in  (a)  we  get 


^ = 3 {(9/  + a z')  sec^  x (z^^  + ay)  a®  log  a}. 


d V 


. — = 3 {(tan^  X a^  + ^)  sec^  x + ^ tan  x)  a®  log  a}, 

d X 

(99.)  Let  V = tan  “ ^ where  z = /(a;),  and  y = <f>  (x), 


fi»a  J". 

d X 


dv  _ y ^ dv 

Ty 


y^  + z‘ 


,2* 


Substituting  these  values  in  (a)  of  Example  (98)  we  get 

I ^2  ^ 

(100.)  If  1;  = ^ ^ find  — , where  y and  5?  are  functions 


We  have 


/dv\  dz  /dv\  dy  ^ 

= (rJ  K + (a,)  a- 


dx  \dzJ  dx 


Here 


A y'^  z 


^ dv  — 4 V 
and  — = ^ 


dz  + y^y ’ dy  + y^y * 

(Zi;  A y^^  z d z A y z‘^  dy 
dx^  (z^  + y^y  dx  {z^  + y^y  dx 

aere  y = f {x)  and  z = cji  (x). 
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(101.)  Given  x^v  — = 0,  find  ^ 

a y log  X = hx  log  y ; 


Here 

therefore 


dy  . ay  . . hx  dy 

dy 


dy  / ^ bx\  _ _ ay 

...  jj(^alog.--j  = Slog!,--. 


h x\ 

y 

dy  _hxy  log  y — ay"^ 
dx  axy  log  x — hx^* 


Examples. 

z — y 

1.  If  » = , prove  that 

z + y 

dv  = ’^Syf^-l^y^. 
(y  + zy 


2.  If  v = prove  that 

3.  If  c = tan  ~ ^ pi^ove  that 

2,2  + • 

4.  If  i;  = prove  that 

(^ «?  = a®  y * log  a (cr  2?  + a; c?  2/ -j- 2/ 2?  aj). 

5.  If  V = a®  + 2/  + ^,  prove  that 

dv  = a®  + y + « log  a (c?  a?  + 6^  2/  + cZ 

6.  If  t?  = sec  “ 1 
that 


where  y = <l>  (a?)  and  ^ = f(x), 

d^  = 1 i<t>(<c)f(x)-f(x)  <l>'(x)) 

dx  /(a;)  V 
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7.  If  V 


= \/i 


prove  that 


8.  If»  = 


= '^!ey{yAx-xdy) 
(a;2  + 2/2)1  _ y'iy 

it  , 

2 — prove  that 


j __2xydx  + x^dyj,2x^yzdz 

^2  _ ^2  ^^2  _ g2j2- 


9.  If  t;  = log  tan  prove  that 

^ 2 y dx  ^ 2xdy 

n * 2 X 

y^  sin  — 

y 

10.  If  w — 05®  + + 3 + ^xy"^,  prove  that 

d^^  u d"^  u 
dy  dx  ~~  d X dy* 


11.  Given  u = a x^-^hx’^yz  + cxy‘^  + cZ «®,  find 
du^  du^  du^ 
dx  dy  d z 

du 

^ = 3aa;2  + 2hxyz  + cy,^ 
du  , _ 

-^  = hx^z  + 2cxy, 

^ = hx'^y  + Sdz\ 
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CHAPTER  VII. 

Art.  25. — Maxima  and  Minima  of  Functions  of 
Two  or  Three  Variables. 


By  an  extension  of  Taylor’s  Theorem  it  can  be  proved  that 

/(«  + ., ,+/S) -/(*,, ) = + 


:{“■! 

+ &c.  . 


+ 


S + 2a^ 


dx  dy  ^ dy^) 


d^f 

dx^  dy 


+ 3ay8' 


d^f 

dx  dy‘ 


dy^\ 
. . (A) 


Space  does  not  permit  ns  to  give  the  proof  of  this  expaj 
sion,  and  we  therefore  refer  the  reader  to  more  advanc| 
treatises  on  the  subject. 


Now, 


means  that  / (x,  y)  is  differentiated,  first  w| 


- mean! 


dx  dy 

regard  to  y treating  x as  constant,  and  the  result  differentj 

^3  f 

ated  with  regard  to  a?,  treating  y as  constant.  ^^2  ^ y ’ 

that  / (x,  y)  is  differentiated  first  with  regard  to  y treating  ; 
as  constant,  and  the  result  differentiated  twice  with  regard 
to  X treating  y as  constant,  &c.  If  / (a?,  «/)  be  a maximum  orl 
a minimum  when  x = a and  y = h,  therefore  by  similar] 
reasoning  to  that  given  in  Art.  21,  it  follows  that 


/ (a  ± a,  6 ± /3)  - / (a,  b) 
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must  be  negative  or  positive  respectively ; and  when  a and  ^ 
are  very  small,  the  sign  of  the  right-hand  side  of  A is  the 
game  as  the  sign  of 


therefore 


"'dx'^^dy' 


otherwise 

and 


J/.O  .»a  ^=0, 

ax  ay 


/ (a  + a,  6 + ^)  — / (a,  h) 
/ (a  - a,  6 - / (a,  h) 


would  have  opposite  signs.  Again,  for  a maximum  or  a 
minimum 


dx‘^  ^ dxdy  ^ 


dy^ 


(B) 


must  be  negative  or  positive  respectively,  if  not  zero,  for  very 
small  values  of  a and  p. 


d?  f d?f  d?  f 

Denoting  the  differential  coefficients  — -r — — and  — 

d x^  dx  dy  d y^ 

by  X,  Y and  Z respectively,  we  have 


that  is, 


a^X  + 2a^Y-|-^^Z  instead  of  (B), 

|(x  I + yJ  + X Z - Y^}. 


X 


In  order  that  this  expression  may  be  always  positive  or 
egative  for  small  values  of  a and  y8,  it  is  obvious  that  X Z 
Y^  must  not  be  negative ; therefore  the  condition  for  a real 

^2  f ^2  ^ 

imum  or  minimum  is  that  X ^"^^t  be  greater 

ax  ^ y 

^than  or  equal  to  • 

If  this  condition  be  sati.ffied,  / (x,  y)  will  be  a maximum 
or  minimum,  according  as  X,  that  is  negative  or  posi- 
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tive ; since  always  positive  and  also  )8^is  posi- 


tive. 


Therefore  we  must  have  the  following  conditions  satisfied, 
if  / (x  y)  be  a maximum  or  minimum. 


^nd 

' TTinc-l 


dy 
f 

= negative  quantity  for  a maximum 
a X 

d X 


- = positive  quantity  for  a minimum 


(1) 

(2) 

(3) 

(4) 


dy‘^  \dxdy) 


must  not  be  a negative  quantity (5) 


(fl  _ 

( d\f  V 

Kdx^^  dy^  J 

\d  X dy/ 

be  neither  a maximum  nor  a minimum. 

(102.)  To  find  the  maximum  or  minimum  value 
of  V = -b  2/^  — 4 a a?  — ^hy. 

Here 


^=:2a;  — 4a  = 0 
dx 


and 


d V 
dy 


= 22/  - 66  = 0 


for  a maximum  or  minimum.  Therefore 
£c  = 2 a,  and  y = 3b. 

• i;  = — (4  + 9 62^. 

V 6^2  ^ 

-7—5  = 2,  a positive  quantity,  and  z — = 0, 
dx^  ^ ^ dx  dy 

Therefore  i?  = — (4  + 9 6^)  is  a minimum  value. 
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(103.)  To  find  the  point  the  sum  of  the  squares 
of  whose  distances  from  two  given  points  (a^,  h^) 
Wd  (0.2,  ^>2)  least  possible. 

The  result  is  evident,  but  we  give  it  as  an  illustration  of 
the  rules  employed. 

Let  (x,  y)  be  the  required  point ; then 
l u = (x  - ai)2  + («/  - &i)2  + (*  - + (2/  - ^2)^ 


is  to  be  a minimum 
d u 


di 


= 2aj  — — ^2  = 0 


and 


Also 


for  a minimum. 


and 


dh 


d‘^  u 


= 2 a positive  quantity, 


= 0. 


d X dy 

Therefore  w is  a minimum,  and  the  co-ordinates  of  the  re- 
quired point  are 

^1  4"  ^2  ^1  4“  ^2 


X = 


y = 


that  is,  the  middle  point  of  the  straight  line  joining  (a^, 
nd  (a2,  62)- 

iRT.  26. — Maxima  and  Minima  of  Three  Variables, 

if/(  4-  a?  2/  4-  13,  z + y)  he  expanded  in  powers  of  a,  j3 
nd  y,  by  an  extension  of  Taylor’s  Theorem,  we  have 

f(a>  + a,y  + ^,Z  + y)-f  (x,y,z}  = a|/+  y|/ 

d\f 

2 dx^  2 dy^  2 d ^ ^ dx  dy  dx  dz 

dV 


+ I3y 


dy  dz 


4“  &c.  . • • • (A) 
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By  taking  a,  y small  enough,  the  sign  of  the  right- 
hand  side  of  A will  depend  upon  that  of  the  terms  involving 
only  the  first  powers  of  a,  /?  and  y ; therefore  for  a maximun* 
or  minimum. 


a — p -1 h y = 0, 

ax  ay  ' a z 


and  since  a,  jS  and  y are  independent  of  each  other,  it  folio wf 
that 


df  df  ^ df  ^ 

dx~^’  dy~^’  dz~^' 


. (B) 


These  three  equations  will  determine  the  values  of  x,  y 
and  z,  which  will  make  f (x,  y,  z)  a maximum  or  minimum, 
if  such  exist.  By  reasoning  similar  to  that  given  in  the  last 
article,  the  conditions  for  a maximum  or  minimum  are  that 
P Q > and 

P {P  Q R 4-  2 F Q'  R'  - P P'2  - Q Q'2  - R R'^}  > 0 
where 


P = 
F = 


d^f 


da:2> 

dV 


^ dy^’ 


R = 


d2/ 


d z 


.2’ 


dy  dz^ 


Q'  = 


d^f 


d X dz^ 


E'  = 


d^f 


dx  dy' 


d\f 


For  a maximum  must  he  negative. 


„ minimum  „ 


„ positive. 


Art.  27. — Undetermined  Multipliers. 

Let  V = f {x,  y,  z)  he  a function  of  three  variables,  x,  y,  z^ 
which  are  connected  hy  the  equation  </>  (cc,  y,  2?)  = 0,  it  is 
required  to  find  a maximum  or  minimum  value  of  v. 

For  a maximum  or  minimum 


Multiply  equation  B,  by  A,  an  arbitrary  constant,  and  add 
> result  to  A ; thus 
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'd  from  the  equation  {x,  y,  z)  = 0,  we  have 

+ + = • (B) 


!&')  + " (tx)]  + I(^>  " (4)\^y  + [0 


• (C) 


Since  X is  an  arbitrary  constant,  we  may  give  to  it  such 
ilue  that 


d-3+K^D  =»• 

•efore  C becomes 


since  y and  * may  be  considered  independent  variables, 
use  y and  e can  be  expressed  in  terms  of  x by  means  of 
itions  0 = / («,  y,  z)  and  ^ (x,  y,  z)  = 0,  it  follows  that 


I© «>«=»■ 


(E) 

(F) 


pore  we  have  the  three  equations 
/"d  v\  . , /d  (p\ 


H 
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together  with  <l>(x,y,z)  = 0 for  determining  the  values 
X,  y,  z and  X. 

(104.)  To  find  the  rectangular  parallelepiped  ( 
maximum  surface  that  can  be  inscribed  in  a sph^ 
whose  equation  is 

+ + = Cl| 

The  surface  is 

S = S (xy  + xz  + y z),  . . . (2 

where  2 x^2y  and  2 z are  the  lengths  of  its  three  cotermir 
edges. 

By  equations  (1)  and  (2)  we  have 

xdx  + ydy  + zdz=:0 

and 

{y  + z')dx-\-(x  + z)dy  + (ii-\-x)dz  = 0 

for  a maximum  ; therefore 

• y + z + Xx  = 0 

X -\-  z + Xy  = 0 
X + y Xz  = 0 

Multiplying  (a),  (V)  and  (c)  by  a;,  y and  z respeetJ 
and  adding,  we  get 

2 (a:  2/  + aj  2 + 2/  a)  + A (a;^  + / + 2^^  = 0, 

that  is, 

I + A = 0. 

4 

This  determines  A,  and  by  means  of  equations 
and  (c)  it  is  evident  that  x = y = z;  therefore  the  r^ 

rectangular  parallelepiped  is  a cube  whose  edge  is  2 a? 

by  equation  (1). 

(105.)  To  find  the  volume  of  the  greatest 
angular  block  that  can  be  inscribed  in  the  ellij 
whose  equation  is 

P rP 
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2x^  2 y and  2 ^ denote  the  lengths  of  three  coter- 
nous  edges  of  the  block  ; then  its  volume 

Y = ^xyz (6) 

From  (a)  and  (6)  we  get  by  differentiating 


2 xdx  . 2 y dy  2 zdz 

+ = 0 


and 


yzdx-\-xzdy  + xydz=:  0 
for  a maximum ; therefore 


nd 


y z + \ ^ = 0,  xz  + = Q 

I 


® S'  + ^ =0. 


Multiplying  these  three  equations  by  x,  y and  z respec- 
tively, we  have 


x^ 

xyz  + Xj^  = Q. 

....  (a) 

= 0. 

....  (&) 

z‘^ 

xye  + X — =0, 

....  0) 

n adding  (a),  (6)  and  (c)  we  have 


IS, 


3 V 


+ A = 0 ; 


fore 


X = - 


3 V 


H 2 
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Substituting — for  X in  (a),  (fc)  and  (c)  we  get 

o 

^ 2Z  ^ 2 m 2n 

2 X = — ^ ) 2y  = —7-  and  2z  = ; 

a/3  a/s  V3 

therefore  the  maximum  volume  is 

S Imn 


Y = 


3 V3 


(106.)  To  find  the  minimum  value  of 

u = ax"^  + cz^ 

subject  to  the  conditions 

Aaj  + B2/  + C2J  = D. 

Here 

du=:2axdx-\-2hydy-\-2czdz  = 0 

fw’  a maximum,  and 

Adx  + 'Bdy  + Gdz  = 0; 

therefore 

[2aa;  + XA  = 0,  26«/  + XB  = 0,  2 c z + \ G =i 
Hence 

2 (a  -f-  6 + c 2^)  + X (A  05  + B ^ + C 2)  = 0 

that  is, 

2 w + X D = 0 

2u 

- D- 

Substituting  for  X in 

2ax  + \A=:0,  &c., 

we  get 


2 a 0?  = 


2u  A 
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M A 

X = — 

a D 


<X3?  = 


• h? 


Similarly,  we  get 


and 


aD2 


, „ m2  B2 


m2C2 


cD2’ 


and  on  adding  we  have 


ifl  /A2  R* 


_L 

+ t)  = “- 


D2 


= 


^ ^ 02 

a 6 c 


(107.)  To  find  the  dimensions  of  a cistern  of  maxi- 
mum capacity  that  can  be  formed  out  of  300  square 
/eet  of  sheet  iron,  there  being  no  lid. 

Let  X denote  the  required  length,  y its  breadth  and  z its 
epth,  all  in  feet.  Then 

xy  + 2xz  + 2yz  = 300  = A,  say, 

)\ 

1 1 = a?  2/  2 is  to  be  a maximum. 

’ From  these  equations  we  get 

(jl’\‘2z)dx  + (x + 2 z)dy  + (2x’\‘2y')dz=:0y 
d 

yzdx-\-xzdy-\-xydz  = 0 


a maximum.  Hence 

/ y 2z  + Xy  z =:  0 . 

X + 2 z + Xx  z = 0 . 
2x-\-2y  + Xxy  = 0,  . 


(a) 

(0 

(0 
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Multiply  (a)  by  x,  (h)  by  y and  (c)  by  z,  and  add  ; theren 


fore 


that  is, 


2 xy  + 4:xz  + Ay  z + 3Xaj2/2  = 0; 


2A.  -j“3X?^  = 0. 

• • ^ ““  Q * 

3 u 

Substituting  for  \ in  (a),  (h)  and  (c),  we  get 
3iry+3aJ2;  = 2A,  3.T^  + 6y0  = 2A,  6a;2?  + 6^5j  = 2A, 

Hence 

X = y = 2z, 

If  we  substitute  for  y and  in  terms  of  x in  the  equation 
a;2/  + 2a;«  + 22/2  = 300, 

we  get 

a?  = 10  = 2/j  and  « = 5. 

Therefore  the  cistern  of  maximum  capacity  will  be  10  feet 
long,  10  feet  broad  and  5 feet  deep. 

(108.)  To  find  the  triangle  of  minimum  arq 
which  can  be  described  about  a circle  of  radius  r. 

r 

The  area  of  the  triangle  is  = - (a  + b + c),  and  since  i 

Z ^ 

is  constant  the  area  will  be  a minimum  when  a + 6 + c : 
minimum.  It  is  easy  to  show  that 

a = r (cot  J B + cot  ^ C) 
h = r (cot  T A + cot  ^ C) 
c = r (cot  J A + cot  JB) ; 

therefore  the  triangle  will  be  a minimum  when 
2 cot  J A + 2 cot  J B + 2 cot  J 0 

is  a minimum. 

We  have  also 


A + B + C = 180°, 
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therefore  by  differentiating  we  get  ^ 

cosec^  ^ Ad  A cosec^  ^BdB  cosec^  ^CdG  = 0 
for  a minimum,  also 

dA  + dB  + dG  = 0 
. • . cosec^  ^ A + A = 0 
cosec^  J B + ^ = 0 
cosec^  i C + A =r  0. 

This  leads  to  A = B = C,  therefore  the  minimum  triangle  is 
equilateral. 


Examples. 


1.  Three  cubic  feet  of  lead  are  to  be  formed  into  the 
lining  of  a rectangular  cistern,  the  thickness  of  the  lining  is 
to  be  ^ inch.  Find  the  dimensions  of  the  cistern  so  that  it 
may  have  a maximum  capacity,  there  being  no  lid. 

Ans,  Length  = breadth  = 9*79  feet.  Depth  = 4*89  feet. 

2.  Find  a point  within  a triangle,  such  that  the  sum  of 
the  squares  of  its  distances  from  the  three  angles  is  the  least 
possible. 

An8.  The  c.  g.  of  the  triangle. 

3.  Find  the  minimum  value  of  z subject  to  the  con- 

. 4 5 6 ^ 

tion  — “I 1 — 7"  — 1. 

X y z 


Ans.  When  = 6, 

4 5 6 


therefore  x^  y^^  z = 4147200. 


4.  Given  the  sum  of  the  three  edges  of  a rectangular 

ock,  find  its  dimensions  such  that  its  surface  may  be  a 

aximum.  . a 

Ans,  A cube. 

5.  Find  the  maximum  value  of  v when  v = x"^  y^  z\  and 
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6.  Divide  a line  a feet  long  into  three  parts,  x,  ^ and  z, 
«nch  that  the  snm  of  one-half  the  rectangle  x y,  one-third 
the  rectangle  x z,  and  one-fourth  the  rectangle  y z shall  be  a 
maximum. 

21a  20  a 


6a 
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CHAPTEE  VIII. 


TANGENTS 


AND  NORMALS 
CURVES. 


TO  PLANE 


1 Art.  28. — Let  P and  Q be  two  points  on  a plane  curve 
I A B,  and  suppose  the  point  Q to  move  up  indefinitely  near  to 
\ P,  the  straight  line  drawn  through 
P and  Q,  when  indefinitely  near,  is 
I called  a tangent  to  the  curve  at  the 
i point  P. 

Q Let  (x\  y'')  and  (a;",  y’^)  be  the 
T co-ordinates  of  P and  Q respec- 
I tively;  then  the  equation  of  the 
' straight  line  passing  through  P 
^and  Q is 

y - y'  = K, — (*  - »')• 

X — X ^ ^ 


When  P and  Q are  indefinitely  near  y’'  — y'  = d y and 
‘ c"  ~ a?'  = x^  therefore  the  equation  of  the  tangent  to  a 
I jurve  at  a point  {x\  y')  is 

^ ~ •••(“) 

)(109.)  To  find  the  equation  of  the  tangent  to  the 
urve  whose  equation  is  + y'^  = r^,  at  the  point  (»',  y’). 
From  the  equation  to  the  curve  we  have 

I dy  __  X x' 

1 dx~  y ~ y' 

a f 

k the  point  (a?', «/'). 
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Substituting  in  (a)  for  ^ we  get 


that  is, 


f / r\ 

y - y = - 


y y'  + X x'  = = r^. 


Therefore  the  equation  of  the  tangent  to  the  curve  + 2/^  = 
at  the  point  (x\  y'')  is 

XX  + yy'  = r^. 

Art*  29. — The  normal  to  a curve  at  the  point  (x\  y^  is  the 
straight  line  drawn  through  the  point  perpendicular  to  the 
tangent  at  that  point.  Its  equation  is  therefore 


y-y  = - 


(/?) 


(110.)  To  find  the  equation  of  the  normal  to  thej 
curve  x‘^  y"^  = r‘^  at  the  point  (x\  y''). 

From  the  last  example  we  have 

^ ^ at  the  point  {x\  y), 

cL  X y 

and  on  substituting  in  (/5)  we  have 

y - y'  = - ®'). 

Su 

which  reduces  to  x y^  --  x'  y = 0, 

(111.)  To  find  the  equations  of  the  tangent  andl 
normal  to  the  curve  whose  equation  is 

ax'^  + 2hxy'\-hy'^  = hj 

at  the  point  (*',  y')- 
By  Art.  24, 

d u 

dx  ^ 

dy 
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^Substituting  for  ^ in  (a)  we  have,  for  the  equation  of  the 
\ Ungent, 


+ = . . (8) 


Now, 

du 


= 2 (h  x'  h 2/'),  and  ^ = 2 (a  x'  h y'')  ; 
dy  ' d X 

I 

t herefore  the  equation  of  the  tangent  at  the  point  (x\  y'^  is 
(ax'  + h y')  X + (h  x'  + h y')  y = Jc. 

• The  equation  of  the  normal  at  the  point  (x\  y'^  is 
^^,hat  is, 

((  A x'  + h y')  X (a  x'  + h y'^  y = h (x'^  — y'’^')  — (a  — 6)  x'  y\ 

(112.)  To  find  the  tangent  and  normal  to  the 
(iurve  x'^  y'^  = c,  at  the  point  (x',  y'). 

■'  Here  we  have  n log  x + m log  y = log  c ; therefore 

' n d X m dy 

+ = 0 ; 


‘ that  is, 

c! 


dx 


n y' 


at  the  point  (x\  i/'). 


On  substituting  in  the  formula  (a)  we  get 
nx  my 

— H r = m + w. 

x'  y' 

i The  normal  is  given  by  formula  (^),  which  leads  to 


m X ny 

y'  ^ 


ir-i' 
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Art.  30. — Subtangents  and  Subnormals. 

Let  EFT  represent  the  tan  , 
gent  to  the  curve  A B,  at  the 
point  F,  F F the  normal,  F D the 
perpendicular  on  the  axis  of  X. 

Then  E D is  called  the  suh 

■ "2 

tangent^  and  D F the  subnormal. 

Denoting  the  angle  F E D by 
6 = D F F,  we  have  E D the  sub- 
tangent = D F cot  6.  ^ 

the  subtangent  = 


d y 


d u 

D F the  subnormal  = w , 

dx 


(a) 

(/5) 


(113.)  Find  the  subtangent  and  subnormal  to  the 
curve  2/^  = 4 a a;,  at  the  point  (x\  y''). 


Here  ^ ^ at  the  point  (x\  y'), 

dx  y 2 X ^ ^ y 


Substituting  in  (a)  we  get 


2x^ 


Suhtangent  = y'  x — r = ^ 

that  is,  the  subtangent  for  this  curve,  which  is  a parabola,  is 
always  double  the  abscissa. 

The  subnormal  = y'  x — ; = 77—/  = 2 a, 

^ 2 X 2 X 


that  is,  the  subnormal  is  constant  and  equal  to  twice  th’ 
distance  of  the  focus  from  the  vertex. 

(114.)  Find  the  subtangent  and  subnormal  to  th 
curve  whose  equation  is  ^ ^ 
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Here  ^ = a Therefore 
ax 


Suhtangent  = X 


1 

— 9 

a 


lud  the 


Subnormal  = e“*  x a e<*®  = a 


(115.)  Find  the  subtangent  and  subnormal  to  the 
jatenary  whose  equation  is 


y = 2 ® 


Here 


dx  2 \ ) 


herefore  the 


Suhtangent  = a 


e ^ 


^nd 


Subnormal 


ga  — Q a 


^ __  2 aj. 


Art.  31. — In  Fig.  10  of  the  last  article,  P E is  called  the 
j length  of  the  tangent  and  P F the  length  of  the  normal, 

'l  Now, 

P E = 2^  cosec  6>  = «/ ^1  + 


\And 


•••  = 


- F,th«  Normal  = + (11)). 


(116).  Find  the  tangent  and  normal  to  the  cate- 
[lary, 


y = 2 |®“  + « “[  • 


) 


no 
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Here 


dy  1 1 - 

^ “ 2 r " ^ T 


1 1 - 


therefore 


( X ^ x]2 

^ . a + e «/ 

Tangent  = - ^ 

\e«  — e «/ 


Normal 


( ® 
a j - 

= 2r 


+ e 


1 + 


1 / - - 


» ^ a;  2 

= ^ + e "I 


a 


Examples. 


1.  Find  the  equation  of  the  tangent  to  the  parabola 
a X,  Sit  the  end  of  the  latus  rectum  (x  = a). 

Ans,  X --  y a = 0. 


2.  Find  the  equation  of  the  normal  to  the  parabola] 
1/2  = 4 a cc,  at  the  end  of  the  latus  rectum. 

Ans,  a;  + i/  — 3a  = 0. 


3.  Find  the  length  of  the  subtangent  and  subnormal  t 
the  parabola  i/^  = 4 « a?,  at  the  point  (x  = a). 

Ans.  Subtangent  = 2 a. 

Subnormal  z=  2 a = constant  for  all  points  on 
the  curve.  1 re( 

1 pso 


4.  Find  the  equation  of  the  tangent  to  the  curve  y = au 
at  the  point  x = x^.  i 

Ans.  y = a®'  {(a?  — a?^)  log  a + 1}.  ' 
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5.  Find  the  equation  of  the  tangent  to  the  ellipse 


1/  , , I X = a e ] 

4-  ^ = 1,  at  the  point  > 

^ l?/  = 6Vl-e2f 


Ans,  6 e a;  + a V (1  — e‘^)  ?/  — a & = 0. 

6.  Find  the  length  of  the  snhtangent  and  subnormal  to 
le  ellipse  mentioned  in  Example  5,  at  the  point  x = a e, 

= h Vl  - e2. 


a 


Ans,  Subtangent  = - (1  — 


Subnormal  = 


e 
e_^ 
a 


7.  Find  the  equation  of  the  tangent  to  the  curve  = c, 
t the  point  x = 1,  y = V c. 


Ans,  y + ^ V c X = 4-^^ 


8.  Find  the  equation  of  the  tangent  to  the  curve 
I + 2/1  = at  the  point  x = a, 

Ans,  (ct  — x + y =z  (c^  ^ ct  ah 


J 
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CHAPTER  IX, 

RADIUS  OP  CURVATURE  OF  PLANE  CURVED 


Art.  32. — Let  A B (Fig.  11)  be  part  of  a plane  curve,  arJ 
let  P 0(  Q O'  be  two  normals  at  tbe  points  P and  Q inte 

secting  at  O';  then  if  Q al 
Y proaches  indefinitely  near 

P,  O'  P and  O'  Q will  be  eqnd 
to  one  another,  and  the  circl] 
described  with  O'  as  centre  anl 
radius  O' Pis  called  iho)  circl\ 
of  curvature^  O'  P is  called  the 
radius  of  curvature,  and  O'  the 
centre  of  curvature  of  the  curve 
A B at  the  point  P. 

Denoting  the  arc  P Q by  cZ  s,  the  angle  P O'  Q by  d and 
O'  P by  r,  then 

ds  = r do. 


or 


(U 
d s 


(«) 


Now,  0 is  the  angle  which  the  tangent,  at  P,  makes  with  the 
axis  of  X,  and  dO  is  equal  to  the  angle  between  the  tangents  i 
at  P and  Q.  We  have  also 


hence 


dy 

= tan  0, 
dx 


lol^ 
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Also 


^ ^ 2 y 

^ ==  COS^  0 — ^ . 


Again, 


d X 
dTs 


cos  9. 


— v^_  a a 

r ds  dx^ds-^^^di 


d‘^y 


d^y 

dx^ 


dx-^ 

sec^  0 ~ {1  + tan2^  ' 


dx"^ 


i^Hhy 


r = 


<Py 

dx^ 


(^) 


expression  may  be  positive 
egative,  it  is  necessary  to  give  to  it  the  same  sign  as 

^ in  order  that  r may  be  positive. 

If  the  curve  be  convex  or  concave  to  the  axis  of  X 

’ dx  '^ 


If 


or  negative  respectively. 


^^2-^0,  the  radius  of  curvature  will  be  infinite.  At 
•int  of  inflexion  where  the  curve  changes  from  convex  to 


ave  to  the  axis  of  X,  or  vice  versa 


^y 


d x^ 


= 0. 


t is  evident  that  ” » is  the  ss„e  for  both  the  curve  and 
'irele  at  the  point  P,  and  g is  also  the  same  for  both. 


1 
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since  the  circle  and  the  curve  A B have  a common  normal  at 
the  points  P and  Q. 


The  circle  of  curvature  is  said  to  have  contact  of  the 

second  order,  since  ^ and  ^ are  the  same  for  both.  j 

ax  a a 


If  two  curves  given  by  the  equations  y = /(a?)  and 
y = 4^  {x)  touch  each  other  at  the  point  x = a,  then 
f^(^a)  = cj>^(a);  and  if  /“  (a)  = (a),  and  also  (a) 

= they  are  said  to  have  contact  of  the  third  order ; \ 

and  if  (a)  = (a),  they  are  said  to  have  contact  of  the  Jj-, 

wth  order.  p,  < 

The  reciprocal  of  the  radius  of  curvature  is  called  ,o 
curvature,  j |j 

(117.)  To  find  the  radius  of  curvature  of  the 
ellipse  whose  equation  is 


L ^ ~ 1 

+ 62  “ 


at  the  end  of  the  major  axis. 
Here 


dx 


a; 


y 


and 


d?y 

Tx^ 


62 


d X 


2/^ 


Substituting  these  values  in  (/?),  we  get 


_ (6^  0^2  + a^  ?/2)l 


At  the  extremity  of  the  major  axis 

X = a and  y z=  0. 


62 

r = — < 
a 
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At  the  extremity  of  the  minor  axis 
a?  = 0 and  y = h. 


a" 


(118.)  To  find  the  radius  of  curvature  at  the 
vertex  of  the  parabola  = 4:  ax. 

Here 

dy  2 a 
dx  y ^ 

and 


dx‘^ 


d X 

t 


4 

'f' 


Substituting  in  (/?),  we  have 


At  the  vertex  y = 0, 


^ (y^  + 4a^)i 
4 o? 


• r = 2 a. 


(119.)  To  fiua  the  radii  of  curvature  of  the  curve 
y = (x  - 1)  (x  - 2)  {x  - 3) 

at  the  points  where 

a?  = 1,  X = 2 and  a?  = 3. 


Here 


and 


d y 
d X 


= 3 a?2  — 12  a;  + 11, 


1 2 
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Where  x 


-.-i  - 


dx 


2 and 


d?y 


= - 6. 


1 + 


STl 


I 


dx^ 


__(^f 

6 ' 


taking  the  negative  root  of  the  numerator. 


Where  x = 2,  -^—r.  = 0. 

dx^ 


r = oc  , 


a point  of  inflexion. 

dx 


Where  a;  = 3,  ^ = 2 and  = 6, 

dx^ 


r = 


(5)1 


6 


The  radii  have  the  same  numerical  value  at  the  points 
a;  = 1 and  a?  = 3,  but  the  centres  of  curvature  for  the  tw  i 


d^y 


points  are  on  opposite  sides  of  the  curve,  since  | is  oppositt 

(t  X 


in  sign  for  the  two  points. 

(120.)  To  find  the  radius  of  curvature  of  the  \ 5urv(J 

y = e®,  where  x = 0, 


— dy  ^ d^  y ^ ^ dy  . . ? 

Here  = e®,  and  — ^ = e®,  where  a?  = 0,  — ^ anai 

dx  dx^  dx 


d?y 


dx^ 


= 1. 


r = 2*  = 2 V2. 


(121.)  To  find  the  radius  of  curvature  of  the  pa 
tenary, 


X 

^ |e®  + e “I 


at  the  vertex,  a;  = 0. 
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Here 


dx 


and 


1 I - --1 

= -{e«-e 

d?y  1 , ® -^1  y 

dx^  2a\  j a? 

dy^\i  y^ 


r = 


{'+(H)r  & 


dx^ 


r 

a 


where  x = 0,  y = a;  therefore  the  radius  of  curvature  at  the 
vertex  is  equal  to  a. 

(122.)  To  find  the  radius  of  curvature  of  the  curve 

y = X*  — 8 x^  -{•  x'^,  at  the  origin. 

Here  = 4:X^  - 24 + 2x,  and  = 12x2  - 48a!+  2. 
dx  dx^ 

At  the  origin  x = 0, 


^ = 0,  and  i-^2  = 2. 


dx2 


1 

’•  = 2- 


(123.)  Find  the  point  of  inflexion  in  the  curve 

^ « 15  a;2  + 36  aj  + 7. 

We  have  to  find  that  value  of  x which  will  render 

d'y  ^ 

— - = 0. 
dx‘^ 

Now, 


dy 


and 

i 


— 3 x^  30  ir  “f"  36, 


IS  the  point  of  inflexion. 


X = 5 
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Art.  33.— To  find  the  centre  of  curvature  of  a curve 
at  any  point  on  it. 

Let  the  co-ordinates  of  th  e 
centre  of  the  circle,  touching  th^^ 
curve  A B at  P,  he  (li,  1c),  ] 

Then  its  equation  is 

(»  - hy  + (jf  - hy  = r®; 

X therefore 


and 


therefore 


= y + 


y 

Tiy 


j 


the  ordinate  of  the  centre ; and 


h = X 


dy 

dx 


dx^ 


the  abscissa  of  the  centre. 

(124.)  To  find  the  co-ordinates  of  the  centre  <^)f 
curvature  of  the  curve  y = 

Here 

dy  . d‘^  y „ 

— =z  a and  = a? 


dx 


di 


h = 


ax  — 6*2^®  — 1 
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and 


Where  a?  = 0, 


and 


, __  2a2e2aa;  + 1 

* — ^ • 

0^2  ^ax 

, 2 + 1 


Examples. 

1.  Show  that  the  radius  of  curvature  of  a circle  is  constant, 
using  the  general  formula. 

2.  Find  the  radius  of  curvature  of  the  curve 
at  the  point  (x'  y''), 

* Ans,  r = 3 (ax'  y'")^. 

3.  Find  the  radius  of  curvature  of  the  curve  whose 

TT 

equation,  ?/  = a sin  x,  at  the  point  x = 

li 

Ans,  r = -• 
a 

4.  Find  the  radius  of  curvature  of  the  curve  whose 

Tj* 

equation  is  ?/  = at  the  point  x = -. 

Am. 

8e 


5.  Find  the  radius  of  curvature  of  the  curve  whose 
equation  is  ^ — 3 a?  — 1 at  the  point  x = 1. 


Am.  r 


^125 


8 
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6.  Find  the  radius  of  curvature  of  the  curve  whose 
equation  is 

y = a cos“ ^ + a/ (2  ax  — 

at  the  point  x = a. 

Ans^  r = 2 2 a, 

7.  Find  the  co-ordinates  of  the  centre  of  the  curve 
= 4:  ax, 

Ans,  ^ = 2 a + 3 0?. 


8.  Find  the  curvature  at  the  point  a?  = 0 in  the  curve 
07  = t/^  — 4?/^  — 18?/^. 


Ans.  r = 


9.  Find  the  radius  of  curvature  of  a;  ^ = 4* 
Ans.  r = 5 — 


10.  Find  the  radius  of  curvature  at  the  point  0,  0 in  the 

curve  2/^  + 1/^  — 2/  + = 0. 

Ans.  r = ^. 

11.  Prove  that  the  curvature  at  the  origin  in  the  curve 

3y  = 2 -J-  4 ^ is  0. 


1 

''1 

\ ' 
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CHAPTER  X. 


»RT.  34.— The  Cycloid,  Epicycloid  and  Hypocycloid. 


The  cycloid  is  the  path  described  by  a point  on  the 
ircumference  of  a circle  as  it  rolls  along  a straight  line. 

Let  the  circle  P D,  Fig.  13,  roll  along  the  line  0 X.  The 
>oint  P,  which  was  initially  at  0,  will  describe  a cycloidal 
iurve  0 P Q. 

I V 


Let  0 E = a?,  P E = 2/,  and  the  angle  P C D = Drop 
C F perpendicular  to  P E,  which  is  perpendicular  to  O X. 

2/  = E F + F P = a + a COS  F P C = a (1  - COS  6), 
where  a is  the  radius  of  the  generating  circle.  Again, 
a;  = 0 D - E D = a ^ - a sin  0 = a (0  - sin  ff);  therefore 
the  cycloid  is  given  by  the  equations 

a;  = a (^  — sin  0)1 
y = a (1  — cos  » 

If  we  eliminate  0 we  have 

X = a vers”  ^ (2  ay  — y’^f 

|he  direction  of  the  tangent  to  the  cycloid  at  any  point  P, 
dy 
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Now, 

and 

therefore 
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dx  = a (1  — cos  0)  d 
dy  = a sin  6 d 6; 


djy 

d X 


z 2 = cot  J 0. 

1 — cos  ^ 


Art.  35.— The  Epicycloid  is  the  path  described  by 
point  on  the  circumference  of  a circle  as  it  rolls  externally  roui 
the  circumference  of  another  circle. 

Let  A B C be  a fixed  circle  whose  centre  is  taken  as  origin 
of  co-ordinates,  and  let  its  radius  be  r.  Let  P B G be  th 

rolling  circle,  and  let  P be  tb 
point  on  the  circumference  o 
the  circle  P B G which  trace j 
out  the  epicycloid.  j 

The  point  P,  at  starting, 
coincides  with  A ; therefore  the 
arc  A B = arc  P B,  and  if  the 
angle  A 0 B = a,  and  the  angle 
P O'  B = yg,  therefore  r a = 
where  is  the  radius  of  the 
circle  P B G. 

Let  X and  y be  the  co-ordinates  of  the  point  P ; then 
a;  = OF  = OE-PD. 

x = {r  + rf)  sin  a - sin  (a  + yS), 

2/  = P F = O'  E + O'  D. 


and 


•••  y = (r  + rf)  cos  a - cos  (a  + yg). 
If  we  substitute  — for  yg,  we  get 

a;  = (r  4-  r^)  sin  a — sin  ^ “• 

‘2/  = (»■  + »'i)  cos  a — rj  cos  a. 

\ ^1  / j 
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If  we  differentiate,  we  have 

d 
d 

dx 
d 

. ^ 

dx 


g = (r  + rO  {sin  a -sin  a} 

- = (»•+  rj)  {cos  a — cos  “ I • 

/r  4-  2ri\ 


This  gives  the  direction  of  the  tangent  to  the  carve  when 
a is  given. 

Art.  36. — The  hypocycloid  is  the  path  described  by  a 
point  on  the  circumference  of  a circle 
as  it  rolls  internally  round  the  circum- 
ference of  another  circle. 

Let  A B C be  the  fixed  circle, 
whose  centre  is  taken  as  origin  of 
co-ordinates,  and  let  its  radius  be  r, 

P B G the  rolling  circle  whose  radius 

is  P the  tracing  point  which  co-  X 

incides  with  A at  starting ; therefore 
the  arc  B P = arc  A B. 

Let  a denote  the  angle  A 0 O',  and  ^ the  angle  tt  — P O'  0. 

a;  = OF  = OB-PD. 
a?  = (r  — rj)  sin  a — sin  (a  + tt  — )8), 


and 


2^  = P F = 0'  E -f-  0'  D. 

• y O cos  a — cos  (a  -h  TT  — y8). 

H*  Ct 

But  r a = ; therefore,  substituting  — for  y8,  we  have 

^1 

(r  —m  r \ 

-y  a, 

? ) a. 
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|sina  + sin(?l^^)a, 

dx  . . ( /»■  “ »'i\  I 

— = (r  — r, ) Jcos  a — cos  ( )a  f • 

da  '■  \ V »•!  / J 
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CHAPTEE  XI. 


THE  INTEGRAL  CALCULUS. 


Integration. 


Art.  37. — The  process  of  integrating  may  be  said  to  be  the 
finding  of  a function  when  its  differential  is  given. 

It  may  also  be  considered  as  the  finding  of  the  sum  of  an 
infinite  series  whose  terms  are  indefinitely  small. 

The  student,  who  has  already  mastered  the  elements  of 
the  Differential  Calculus,  will  have  no  trouble  in  writing 
down  the  integrals  of  a number  of  elementary  differentials. 

The  symbol  used  to  denote  the  process  of  integration  is 


placed  immediately  before  the  expression  to  be  integrated. 
For  example : y=^x'^dx-{-G  means  that  y is  the  integral 


of  the  differential  x'^  d x,  where  C is  an  arbitrary  constant ; 

since  the  differentials  of  and + C are  both 

n + 1 + 1 

X dx;  therefore,  in  order  to  give  tie  general  form  of  an 
integral,  it  is  necessary  to  add  a constant,  except  in  the  case 
of  definite  integrals,  which  will  be  explained  subsequently. 
We  may  here  give  a list  of  elementary  integrals,  the  constant 
in  each  case  being  understood. 


; 


x'^  dx  = 


x^  + 1 
« + 1 ’ 


• • (A) 


(That  is,  increase  the  index  hy  unity  and  divide  by  the  index 
thus  increased.) 
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= log  X. 


/ 


dx  = - 
a 


dx  = loga  e , 


/ 


sin  ax  dx  = cos  a x . 

a 


/■ 


cos  a X d X = — sin  a x . 
a 


fsec^  a ic  cZ a?  = - tan  ax,  . 


/■ 


cosec^  ax  d x = cot  a x. 

a 


J 


d X 


V — 


, a:;  .a; 

1=  sin“  ^ — cos“  ^ 


/. 


tZ  a;  1 a? 

= - tan”  1 - 
a a 


-f  a?' 
d X 


r d x 


f 


y {x)  d X 


/(*) 


= log /(a;). 


(B) 

(C) 

(D) 

(E 

(F) 

(G) 

(H)  , 

(I) *  5 

(J) 

(K) 

(L) 


These  integrals,  with  the  exception  of  the  last  two,  are' 
called  elementary  integrals,  since  onr  knowledge  of  the  Dif- 
ferential Calculus  at  once  suggests  them.  The  integrals 
K and  L are  added  for  the  sake  of  reference.  We  shall  give 
the  working  out  of  K and  L. 

(125.)  Let  a^  x"^  = V — X.  By  squaring,  we  get 


a^  = 


2vx,  and,  taking  the  differentials,  we  get 


2vdv  — 2vd,,x  — 2xdv  = 0. 

See  Differential  Calculus,  Art.  10. 
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\ V / 

/d  X 

it 

W 

becomes 

J^/v  — x\  dv  rdv  , 

\~V~  ) (7=:¥)  = J IT  = log  ® = log 

by  B. 

(126.)  Let  f(x)  = z;  therefore 

dz  = f (x)  d X, 


r/^fx^dx.  rdz  - . /./  N 1 

J ~'/(^) — J ~ ^ ~ w 


Art.  38.— Integration  by  Substitution. 

In  Examples  (125)  and  (126)  we  employed  the  method 
substitution  in  order  to  reduce  the  differentials  to  the 
re  elementary  forms.  This  method  can  be  made  use  of 
reduce  many  differentials  to  one  or  other  of  the  elementary 
^ms.  We  shall  add  a few  examples  on  its  application. 


(127.)  To  integrate  (a  + x)i  dx. 

Let  a X = v;  therefore  dx  = dv, 

J^(^  + ^*^)^  ^ ^ becomes  ^ v^  dv  = + x)^ 

T A, 

qqIH  ^ ^ 

(128.)  To  integrate  where  w is  a positive 

\Jieger. 

Let  ax  + h = v\  therefore  x = ^ and  dx  = 

a a 

istituting  for  a x + h and  d x in  terms  of  v^ 


I 


x^  d X 

(ax  -i-  h')^ 


becomes 


1 r(v  - hy 
an  + 1 J V"*' 


d V, 
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Expanding  by  tbe  Binomial  Theorem  we  get 

— ^ H ^-T-x — ^ - w - 2 ^ 

i J \ \A  / 


d V 


= — ?—  i (v'^-'^dv  — nh  \ v'^ 

a^  + i|J  J 


-m  - l dq) 


^ n (n  ^ 1)  ^2  J^^n-m-‘2dq)  — &c.|  • 


I i;n  - m f 1 Yl}) 

X — — r - X h &c. 


^n  + i n — m + l w — m 


In  this  example,  if  w = 3,  m = 2,  a = 2,  and  & = 1, 


dx 


becomes 


(2x  + 1)2 


\ { 'iP'  1 1 

= 16{  2 + + 


(129.)  To  integrate 


d X 


^ a x^^  + 2h  X + c 


Here 


/ 


d X 


\/  a x^  2h  X + c 


d X 


J 


V (a^  x"^  -\-  2 ah  X a c) 

d X 


V (a  ic  + &)^  + a c — 5^ 


d V 


Let  a a;  + 6 = «; ; therefore  dx  = —.  Substituting  or 
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d X and  ax  -\-h  in  terms  of  v,  we  get 

= -7=log(^  + + ac  - b'^') 

V a J \ a G NO, 

= log  {ax  + h + a/ a(ax^  + 2b  X + c')\ 

\ a ^ 

by  K,  where 

(130.)  To  integrate 

Here 

r dx  -a  C- 

J a x^-l-2bx  + c ^ J (a  X + by  a c -- 


d X 

a x‘^  + 2bx  + c 

d X 


d V 


Assume  «;  = a a?  + 6 ; therefore  — = dx ; therefore,  by 

a 


substitution  the  expression  becomes 
dv  1 


f. 


+ a c - 6^  aJ  ac  — b"^ 


tan”  ^ 


^ ac 


^/  ac  — b^ 


tan“ 


(a  a;  + 6) 
a G — b‘^ 


by  J.  This  is  assuming  that  a c --  6^  is  positive.  If  a c — 6^ 


be  negative  and  equal  to  — 

d‘^  say,  then 

r dv 

becomes 

r dv 

J + a c — 6^ 

J - d^' 

But 

1 1 

I 1 

- ^ 1. 

— d'^  ~~  2d 

\v  — d 

V + d\ 

Therefore 

1 

s> 

p dv 

1 r ^ ^ 

j |;2  _ ^2  2d  J 

] v-d~ 

2 d ^ V -f-  d 

^ Yd  (v  - d)  - log  {v  + d)} 


1 - V — d 


log 


aa;  + & — — ac 


2 aJ  y — a c.  + — 


K 
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(131.)  To  integrate 


d X 


Vc  — 26a;  — 


r = f. 

J V c — 2 6 a;  — a a;2  J 


d X 


a/  a c + 6^  — (6  + a a;)^ 
d V 

Let  V = ax  + b ; therefore  — = dx.  Substituting,  we 


get 


JL  r. 

^ aj 


d V 


= -T^r  sin“  ^ ■ 


+ Vac  + 6^ 

1 . / aa;  + 6 \ 

= — sm- 1 — -=  ), 

V a ^ V a c + 6v 


by  I. 

(132.)  To  integrate 


d X 


^ ^ a x'^  -{•  2h  X + c 


1 d X d z 

Let  X = - ; therefore  — = : and  by  substituting 

z xz 


for  X in  terms  of 

dx 


d z 


a 2h  z + cz^ 


i*^Vaa;2+  2hx  + c 
= — log  {cz  -\-h  ^ c (c  z‘^  2 h z + d)}y 

by  129,  if  c be  positive.  If  c be  negative,  it  reduces  to  131. 
Substituting  - for  z,  we  get  the  required  integral. 


(133.)  To  integrate 

Here 


/; 


(h  + 7c  x^  dx 
ux‘^  + 2b  X G 

- Tch  y 7ch\ 
Tc  X -f-  — -f“  Ji  — — I 

a a / 


(Ji  + Tex')  dx  _ 

aa;^  + 26a;  + <^”'J  aa;’^  + 26a;  + ^ 

{ax  ^h)  dx  ah  ^ Tch  r dx 
ax‘^  + 2h  X + c 


d X 


- Tch  r 
a J ( 


aa;^  + 26a;  + c 


THE  INTEGEAL  CALCtlLUS. 


131 


* 1 / 2,01,  , ah  — kb 

= — log  (ax^  + 2 0 a;  + c)  H 

Ju  €b  d 


X 


a c — h‘^ 


tan” 


ax  + b 
\V a c — 6v 


by  L and  Example  130,  if  a c — 6^  be  positive.  If  ac  — 
be  negative,  the  second  expression  on  the  right  will  be 


ah  — hh 


® ^ ^ --  a c + — ac 

by  Example  130,  second  case. 

(134.)  To  integrate  ^ ,v- 

{ax^  + op 

Let  V = - ; therefore  c?  a;  = — and  ax^^-^  b = ^ . 

Substituting  in  terms  of  v,  the  required  integral  becomes 

^ _ r ^ 

J + a)!  ’* 


a X 


+ 6 — --  at 


Again,  assume  + a = z^;  therefore  v dv  = 
we  get 

r V dv  1 Cz  d z _ 


zdz 


and 


6 « 6 (6  + a)^  6 (a  cc^  + 6)^  * 

X 


(135.)  To  integrate 


sin  X 
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Let  X}  = cos  X ; therefore  dv  sin  x dx,  and  on  sub- 
stituting in  terms  of  v we  have 

r dx  r dv  1—1? 

J sin  X Jl  — «?^  2^^1+!? 


= log  \/\ 


. X 

sin  - 

— cos  X ^ 2 . , a? 

—  = log log  tan 

+ cos  a?  ° X ° 2 

cos- 


(136.)  To  integrate 


d X 
cos  X* 


Here 


/dx  __  p cos  X dx  _ p dv 

cos  X J 1 — sin^  ^ J ^ 


where  v = sin  x,  and 


r dv  1,  1+^  1 /l  + sin  a? 

J = 2 V nrss-- 


. X , X 

sin  TT  + cos  TT  . ■ 

^l,g  ^ =logta.(f  + |). 

“®2-“2 


(137.)  To  integrate 


di 


b c cos  X 


r dx  ^ r 

J 6 + c cos  a;  J " 


dx 


+ 


cos^  - — sin^ 


x\ 


d X 


'if6.+ 


<j)cos2- + (&  - c)siii2-  ^ 


2®  J 

sec^  2 ^ ^ 


(6  + c)-t-(6--c)tan2- 
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Let  V = tan  - and  tlie  expression  becomes 

2i 


d V 


(6  + c)  + (6  - c)  - c2 

by  130,  if  b be  greater  than  c. 

If  b be  less  than  c,  we  have 


tan' 


d V 


(6  + c)  + (6  - c)v^  - 62 


log- 


^ c — b tan 
Vc  + 6 — Vo  — b tan 


by  130,  second  case. 


Examples. 


/iXy 

x^dx.  Am. 

4 

2,  /(a)*  - 3a;2  + 2a;  + 1) 


Am.  — — a;*  + aJ*  + ®. 


3. 

i + sin  a?^ 

3 

1 d x.  Ans,  2 ^ ““ 

4. 

/ (a®  + a ~ (Z  a?. 

J-ws.  Loga  e {a^  — a - «’). 

5. 

J 1 - X 

- log  (1  - a;). 

.6. 

J (e*»  - a*®  - 3)  <? 

X. 

J.WS.  ^ 0^^  — 
o 

1 o , 

- a2*log„e  - 3 a;. 

r X d X 

1 , 

7. 

. Am. 

J 1 + x^ 

- log  (1  + a;2). 

r x‘^  dx 

1 

‘8. 

- log  (1  + a;*). 

fcOl  ^ ' bOl  « 
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9, 

10 

11 


■f 

•/. 


COS  X dx 


1 + sin  X 

e-^  dx 
+ he-^' 

X dx 


12, 

13, 


V 1 + 

/x-^  dx 
logic 

sin  a X sin  b x dx. 


Ans. 

Log  (1  + sin  a?). 

Ans. 

- i log  (a  + 6 e- 

Ans. 

V 1 + a?^. 

Ans. 

Log  (log  a?). 

• /" 

^ 1 sin  (a  — h)  x 1 sin  (a  h')  x 

2 2 ^"+"6 

14.  ^2^ -4ws.  — + 3a?  + Slogic  - - 

r x^  dx 

■ J (1 + 


15 

Ans* 

16. 

17 


(a:  + 1)" 


-2(iB  + l)2  + 6(a;  + l)-41og(a;+l) 

o X 


/x"^  dx 

V a‘*  — 


.16 


Ans.  isin-if-Y. 
8 \a/ 


I ^2•  Assume  ® = - + 1. 

(1  + xy  X 

1+x  l+2x 


Ans.  2 log 


X a;  (1  + *) 

^ Ans.  2tan-i  V(2a;  - 1). 

<»  ^2x  — 1 ^ ' 


- J: 

r dx  . 1 , /a?  — 4\ 

8''’st+4)- 

20.  /; 


x^  + 11  iC  + 30 
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V-'> 


21. 

22. 

1 

23. 

2 24. 
^^25. 

26. 

27. 


J OJ 


+ 2 a;  + 5 


j-ws.  - tan-  ^ 
2 


dx 


/: 

/ 

J.WS.  Log  {a;  + 1 + V(aj^  + 2 a?  + 5)}. 

f ..  Am. 

J V 3 — 2 a?  — a?^  \ 2 / 


V a;^  + 2 a?  4“  5 


r ^dx 

J a?  V (a;^  — 

/: 


V (x^  — 1) 

dx 


Ans.  Cos 


-©■ 


« V4  + 4a;  + Saj^ 
1 


a? 


a; 


+ ^4  + 4:X+3xV 

X 


(2  + 3 aj2)f 
(3  -j-  4 x)  dx 


Ans. 


2(2  + 3a;2)^ 


/, 

J''5a;2  + 2a;  + 2 

Ans.  ^ log  (5  a;^  + 2 a?  + 2)  + ^ tan~  ^ * 


28 

29, 

30. 


■f 


(1  + e®  + cos  a;  --  sin  x)  dx 
a;  + e*  + sin  x + cos  x 
Ans.  Log  (a;  + + sin  x + cos  a?). 


p Ja  — X 

J \/  a + aj 


d X.  Ans.  a sin”  ^ + V(a2  — a?^). 

dx 


V(aj  + a)  + V (a;+6)* 
2 


3(a  - b)  - (»  + &>} . 

31.  rsin*  (aa:)da;.  Ans.  ^ ^ 

J 2 4a 
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oo  C 9 / ^ ^ A X ^in2  ax 

32.  cos^(ax)dx.  Am,  . 

^ ^ ^ 2 4a 

33.  / sin'^  X dx, 

. cos'^  X 3 cos®  X . « 

Am,  — f-  cos"^  X — cos  x. 


34.  / cos®  fax 


Am. 


1 jsin®  (ax 
a\  5 


— - sin^  (a  a?  + 6)  + sin  (a  + 6 
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CHAPTER  XIL 

INTEGRATION  BY  PARTS. 

Art.  39. — By  Art.  5 we  have 

d(vu)  = vdu  + udv, 


vhere  u and  v are  functions  of  x ; thereforOj  on  integrating 
nd  transposing  we  get 

fvdu  = uv  — fudv»  . . . (P) 


We  shall  apply  this  formula  in  the  working  out  of  a fev^ 
e asy  examples. 


(138.)  To  integrate  x^inxdx. 

Let  w = — cos  X,  and  v = x;  therefore  du  = sin  xdx^ 
and  dv  = dx.  Hence 

/ X sin  xdx  = ^ x cos  aJ  + / cos  xdxi 

that  is, 

Jcc  sin  a;  0?  = — 0?  cos  0?  + sin  a?. 


' (139.)  To  integrate  e'^^sinhxdx. 

Let  BmJcx  = v and  -e'^^  = u;  therefore  du  = e'^^dx, 
n 

and  d v = A;  cos  Ic  xdx;  therefore 


sin  hxdx  = - sin  h x 
n 


1*7  ^ 7 

= - sin  A;  a? r>  cos  k x 

n 


h r 



nj 

r 

5 

n^J 


COS  hxdx 

sin  hxdx. 


{ 


Therefore,  by  transposing  we  have 

( !Ljt — e«®  sin  » d * = -:r e"®  (w  sin  hx  — hcosh  x\ 

\ JJ 

(n  sin  kx  — h cos  k x) 


!■ 


sin  kxdx  = 

sin  a?  — tan“  ^ 


^7t 


+ k^ 
k' 


^/n^  + k‘^ 

In  like  manner  we  have 

qUX 


Ce^^coskxdx  =:  — 4==  sin  \kx  + tan“M^ 
J Vn^  + k^  ■ ^ 


(140.)  To  integrate  - x'^^dx. 
Here 


^ r dx  r x^^dx 

J V J V 


Therefore 


r /x\  r x^dx 

Again,  on  integrating  by  parts  we  get 

, r x^^  dx 

\/{f  ^ x^')dx  — X ^ - x^  + j 


(a)j 


Q>) 


On  adding  (a)  and  (b)  and  dividing  by  2,  we  get 


; 


, , /x\  X — x^^ 

\^(r^-x‘^)dx  = -sm  "(-)  + “ 2 


Similarly,  we  may  show  that 
JQx?-r‘^)dx  = log  {a;  + VCas^-r^)}  + | V (a?  - 

These  two  integrals  may  be  used  for  finding  the  areas 
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( 


a circle  and  hiyperbola  whose  equations  are  — r®  and 

= l respectively. 

(141.)  To  integrate  x^e^dx. 

Let  x^  ^ V and  ■=  u\  therefore  dx  du^  and  on 
jubstituting  in  the  formnla  for  integrating  by  parts,  we 
\ave 

■ Jx^  dx  = x"^  2 fxe^  d X, 

Again, 

/ xe^  dx  = xe^  — fe^  dx  = xe^  — 

lerefore 

0?  = 05^  e®  — 2 ic  e®  + 2 e®  = (oj^  — 2 a;  + 2). 

(142.)  To  integrate  a;  tan- ^ a;  a;. 

Let  %-  =zu  and  tan- ^ x = v;  therefore  dv  =2  — : and 
2>  1 + x^ 


substituting  in  the  formula  we  have 


tan-  ^xdx  ^ — tan" ^ x 
2 


x"^  dx 


+ 


Again, 

/rS  = /(i  - 

lerefore 

tan-  ^ a?  x 


f 


X tan-  ^xdx  = — tan"  ^ x 


Examples. 


1.  ^logaajda?.  Ans.  xlogax  — x. 

2.  I aj^^  log  a?  aj.  Ans.  — lloga? — 1. 

J J w + ll  iw  + l! 
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3.  f 6 tan^  OdO.  Ans:  6 tan  6 + log  (cos  6)  — 

Ans.  V a ic  + + « log  { V a?  + V (a  + a?)  }. 

5.  / (1  + cos  xy  d X,  Ans.  ^ + 2 sin  a?  + ~ 

6.  f sinpx  oos  qxd  X. 

e»  jsin  (p  + q)x-(j>  + q)  cos (p  + q)x 

2 1 I +(p  + qy 

sin  (p  — q)  oc  ^ {p  — q)  cos  (p  — q)  a;^ 

+ ^ 1 + (i>  - q7  r 

_ 1^(9  + sin  0 6 

7.  — d 6.  Ans,  0 tan 

J 1 + cos  B 2 

8.  ^^ogQo^ffyd^  ^ ^ ^ ^ 

9.  / ^ 2 X ■—  x^  d X. 

Of*  __  ^ ^ 

Ans,  — — V (2  a?  — a;^)  + - sin”  ^ (a?  — 1). 

2 2 

r . T e® 

J 1 4-  ^ e»  + 1 

11.  f sc"  (log  xy  d X. 
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CHAPTER  XIII. 


Art.  40. — Integration  of  Rational  Fractions. 


Suppose  we  require  the  integral  of  such  an  expression  as 

a h X -{-  c . . , px'^-'^  + x'^ 
a'  + h'  X + c'  x‘^ » . . p'  1 

where  a^h,  c , . . a',  h\  c'  . . . are  constants,  m and  n 
being  positive  Regers. 

If  n be  greater  than  m ; by  division  we  have  a quotient, 
consisting  of  a rational  function  of  x,  which  is  integrable  by 
A,  Art.  (37),  and  a remainder  whose  numerator  is  of  a lower 
degree  than  the  denominator.  In  order  to  integrate  this 
remainder  we  must  decompose  it  into  a number  of  more 
simple  fractions  called  partial  fractions. 


Denoting  the  remainder  by 


(x)  being 


a!  h'  X c'  x‘^  , , , p[x'^~'^  x'^ 

= {X-  a)  (x  - /3)  (x  - y)  . . . . 


where  a,  (3,  y • . . . are  the  roots  of  <5^)  (a?)  = 0 supposed 
real  and  unequal ; then 


= f(y) 

<j>  (x)  (x  - a)  (a;  - /3)  (x  - y) 


+ 


B 


X — P 


C 


where  A,  B,  C . . . are  constants,  and  therefore  independent 
of  X, 
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Clearing  of  fractions,  we  have 
f (x)  = A (sc  - /S')  (x  - y)  . . . . + B (o!  - a)  (x  - y') 

• • • + &C (1) 

This  expression  holds  for  all  values  of  x;  therefore  it] 
holds  when  x = a,  x = /3,  &c.  Therefore 

/ (a)  = A (a  - /?)  (a  - y).  . . , , 

Similarly, 

f :(^)  = B(^-a)(fi-y')  . ... 

&c.  &c. 

It  will  he  noticed  that  the  right-hand  member  of  (1)  is 
(*)• 

Therefore 
Therefore 


/(a)  = A <^'(a). 


Similarly, 


A-^ 
~ </>'(«)■ 


B_m 

<^'08)* 

C-IM 

&c.  &c. 


fix') 

Therefore  the  integral  of  dx  is 


<j>(x) 

/(g)  f dx  ('J.x 


f(a.)  r dx 

(g)  J * - “ 


■^<^'08) 


f-^  +&C. 

J sc-  13 


x^  dx 


— 7 a?  — 6 


(143.)  Integrate 
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Here 


— 7 0/  — 6 


= + 1 + 


6^52  +49  a; + 42 


(x  + !)(«;  + 2)  (x  — 3)’ 


6x^  + 49  a?  + 42 


’>"A 



b (a?)  (a?  + 1)  (a;  + 2)  (a;  — 3)  a;  + 1 ' a;  + 2 ^ a;  — 3 " 

Iso  cf)  (x)  = 3 a;^  — 7.  Therefore 

,■  /(-i)  1 

-<A'(-1)-  4’ 


and 


therefore 


B _ /(-2) ^ 

^ - <).'{- 2)  - 5 ’ 

/(3)  _ 243 
</.'(3)  20  ’ 

= + J7d*+ 


dx 
a?  + 1 


32  r da;  243  f da;  a;^  1 . ^ 

32  243 

- 5“  ("»  + 2)  + ^ log  («  - 3). 

Art.  41. — Suppose  we  require  the  integral  of  the  rational 
fraction 


^(x) 


where  ^ (a;)  has  n equal  roots ; then 
/(^)  ^ /(^) 


<j>  (a;)  (a;  --  a)^  F (a;) 


where  a is  one  of  the  n equal  roots. 
Assume 

fix')  _ A B 


T ^ Q 


(a;  - a)^  F (a;)  (a;  - a)^  ^ (a;  - a)^  - i * ’ ‘ a;  - a F (x) 
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and,  clear  of  fractions,  we  have 

/(aj)=:AF(a;)  + B(a;-a)F(a;)+...  Q ((»  - a)«  , . (1) 
and  since  aj  = a,  we  have 

/(a)  = AF(a),  ^ I -I 

(I-  ' y 

since  the  remaining  terms  on  the  right-hand  side  vanish  ; S 


therefore 


- F (a)- 


To  get  B,  differentiate  (1) ; therefore 

/'(»)  = AF'C*)  + B (a;  - a)  F(a;)  + BF(£d) 
+ C (»  - aj  F'(»)  + 2 0 (a:  - a)  F (x)  + &c. 


1 I 


Substituting  a for  x,  we  get 

/'(a)  = AF(a)  + BF(a). 

The  remaining  terms  vanish  when  x = a ; therefore 
g ^ /'(a)-AF(a) 


F(a) 


By  differentiating  (1)  a second  time,  and  substituting  a 
for  X,  we  can  find  C,  and  by  repeating  this  process  we  can 
find  all  the  constants  A,  B,  0 . . . P. 


(144.)  Integrate  _ .y  . 3)- 


Assume 


+ 


B 


(x  — 1)^  (x  4-  2)'  (x  — 3)  — 1)^  Qo  — 1) 


+ 


0 


+ 


F 


X 4-  2 ^ X - 3’ 


and  by  the  method  shown  above  it  will  he  found  that 


A 1 13  13  „ 4 Tt  9 

^ = -6’  ^ = -45’  ® = 
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therefore 


d X 1 r d X 

— ly  («  + 2)  («  - 3)  7 C J («  - 1)^ 

4 r d X 9 r dx 

^ 45  J x + 2 ^ J a;  - 8 


13 

1(3 


6(^)  - - I log(^+2)  + ^log(*-3). 


Art.  42. — Suppose  we  require  the  integral  of 


/(^) 

<^(a;) 


d X 


where  cf)  (x)  has  one  pair  of  imaginary  roots. 

The  quadratic  factor  corresponding  to  the  pair  of 
imaginary  roots  is  of  the  form  x‘^  a x h. 

Assume 


f(x)  _ A g;  + B 
<f>  (a;)  + a X ^ b 


+ 


C 


X — a 


+ 


D 

X — j3 


+ &c. 


1 Miultiplying  by  (f>  (x)  we  have 

f (x')  = {Ax  4- B)  (x  - a)  (x  - 13)  . . . . 
4-  C {x^  + a rr  + ^)  (^  ~ /5)  • • • • + 


The  values  of  A,  B,  C,  D,  &c.,  may  be  found  from  this 
dentity  by  equating  the  coefficients  of  like  powers  of  x, 

(145.)  Integrate 

Assume 


x"^  __Air+B  C D 

{x‘^  4-  2)  {x  — ly  x^  4-  ^ ‘ (ic  — 1)‘^  X — 1 

Clearing  of  fractions,  and  equating  coefficients  of  like 
)owers  of  x,  we  get 


and 


herefure 

^ x"^  d X _ 2 r{2x  — l)dx  I 1 r 

I (x  ^ 1)-^  = " 9 J x^^  + 2^  '^3  J 1)-^ 
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(14G.)  Integrate 


d X 


{x^  + + 1)  + 1)* 


Assume 

r 1 A cc  + B C a;  + D 

J (x^  + a;  + 1)  {x^  + l)“"x^  + a?+l~^  aj^  + l* 


Clearing  of  fractions,  and  equating  the  coefficients  of  like 
powers  of  x,  we  get 

A = 1,  B = 1,  C = - 1,  and  D = 0 ; 


therefore 


dx 


(x^  + X+  1)  (x'-  4-  1) 


/(x  d X _ r xdx 

a:'^  -ra;  + l J *2 


+ 1 


= i log  (a:^  + a;  + 1)  + ^ tan- 1 ^ log  (*'  + 1 


V3 


1 /a;2  + « + 1 \ 1 /2  a;  + 1\ 

= 2 + 71  V-Vl-) 


V + 1 

X dx 


V3 


(147.)  Integrate 


Assume 


a;^  + — 2 


Aa?+  B ^ C ^ D 


a;2  + 2 


X + 1 a;  — 1 


Clearing  of  fractions,  and  equating  coefficients  of  like 
powers  of  x,  we  get 


A = -l  B=0,  C = l,  and  D = h 

o b b 


'i 
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therefore 

X dx 


x^  x^  — 2 


1 r X dx  1 r dx  1 r dx 

3 J 6 J x + 1 6 J x-1 


= - I log  + 2)  + i log  (a;  + 1)  + i log  (x  - 1) 


This  example  admits  of  an  easier  solution  by  assuming 
x^  = z. 


Examples. 


1. 

jl-x^ 

Ans.  i log  (1  + a;  + a:-)  - ^ log  (1  - x) 

2^  r(x-l)dx^  log  (a:  + 2)»  (a;  - 2>. 

J X — 4: 

3.  f - 


x^  dx 


!^  + 6 a;  + 8 

Arts.  ^ 6 a:  + 32  log  (a:  + 4)  - 4 log  (a?  + 2). 

2 


^ r(x‘^  - 2x  + 3)  dx 

■ J a:^  - 3 a;  + 2 

Ans.  a;  + 3 log  (a:  - 2)  - 2 log  (a:  - 1). 

d X 


5 f £ 

j x^  x-^ 


+ a;  + 1 


^ tan-  > a:  + ^ log  (1  + a;2)  - i log  (1  + a:). 


1.  2 
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+ 1')  dx 
■-*  + a:^  + 1 ■ 


^ 1 , 2*  + 1 ^ 1 , 2x-l 

Am.  —j-r  tan- 1 — 1-  -y-  tan-  '■ 

y 3 y 3 'V  3 


V3 


d X 


i)  (1  + x^')  (1  + 2 a:) 


Am.  ^ log  (2  a;  4-  1)  - ^ log  (a:^  + 1) 


- ^tan-!a;  -ilog(a:+  1). 


r xdx 

J x’^  ^ X — 

r_^ 

J X^  + ^X‘ 


2 1 

■dm.  -log(x  - 2)  + -log(a:+ 1).  , 


^ QQ  X 

-j— 2 • Ans.  V 2 tan-  ^ — tan-  ^ x. 


10 


■X 


(3  a;  — 4)  a; 


(a;  + 2)  (a;  + 1 


Ans.  10  \ 


'X  + 2^  x + V 

x'^d  X 

I «|_  4 a;3 5 a;2  ^ 4 a;  4- 4* 


jx^ 


2 4 

Am.  25  log  (1  + x'^)-^  log  (a;  + 2) 


— tan  - ^ a;. 


12, 


j dx 

J (1  - x^)f 


5Cx  + 2)  25 

Assume  1 — a;^  = xK 


Ans,  -~=r  tan 

V 


■'Ci73^)-^"S(l+2/) 


f 


where  ^ . 


■rr^  ' V., 
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13. 

14. 


x^dx 
-j-  1 


/: 

r (i+» 

J x{l+x 


Ans,  - log  (a;"*  + 1). 


+ 


'Ans.  Log  ^ — 2 ~ ® + 1)  + ^ tan- 


2 V3 


V V3  / 


- 5 log  (*'  + !B  + 1)  - 2-^  tail' 


,/2a;  + l\ 

V V3  / 


- 


c2  a; 


(x^  + F^)  (ie  + g) 

j^°s  (®  + ?)  - J log  (x^  + p2) 


+ J tan- ' f- 


ifi 

Jsm:^ 

1 


J.WS. 


^^{tan-i(2^- V3)  - tan-i(2^  + V3)} 


, 1 , 1 - _g  ^4 

12^"^  (1  + ^2)2  • 
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CHAPTER  XIV.  ' 

Art.  43.  Integration  by  Successive  Reduction. 

Suppose  we  require  the  integral  of  sin^  x dx  where  n is 
positive  integer.  If  n be  odd,  the  required  integral  is  easil 
obtained ; for  let  = cos  a; ; therefore  dz=  ^^mxdx,  aij 
sin^  X d X = sin^  x sin  x d x=  — sin”  x d (cos  x),  and  sa| 

stituting  in  terms  of  z we  get  sin”  a;  d a?  = — (1  — z^  j~^  d 

, . w - 1 . 

2 ©ven  integer  if  n be  greater  than  unit' 

and  after  expanding  by  the  Binomial  Theorem  the  integr^ 
is  easily  obtained. 

Similarly,  if  the  integral  of  c^s”  xdxi^  required  where  | 
is  an  odd  positive  integer,  and  greater  than  unity,  let  2 = sin  ai 
, , d z = cos  X d X,  also  cos”  x d x = cos”  “ ^ x cos  x d x = 
cos”  - 1 a;  d (sin  x\  therefore  by  substitution  !| 

n - 1 i| 

cos^xdx  = (1  - z'^)~  dz  I 

i, 

whicli  is  easily  integrate  since  is  an  even  positivi 

integer. 

(148.)  Integrate  sin^  xdx. 

Here,  sin^  x d x = sin®  x sin  x d x = — sin®  x d (cos  x 
= - (1  - 0^)3  dz,  where  z = cos  x,  therefore 

/sin’a:<ia:  = -/(l  -z'^fdz=-J(l  - Sz^^  + 3z^  - z^)dz 

= -z-}-z^--z^^- 
5 7 

3 1 

= — cos  a?  + cos®  X — - cos®  x + - cos*^  x. 

5 7 
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(149.)  Integrate  cos^  x dx. 

Here,  cos^  xdx  = cos^ x cos  x d x = (1  --  sin^  x^  d (sin  x) 
= (1  --  dz  where  ^ = sin  x,  therefore 


/■ 


2 . 1 . 

cos^  X d X = sin  x — — sin^  ^ t 
o 5 


Art.  44. — Suppose  we  require  the  integral  of  sin^  xdx 
where  n is  an  even  positive  integer. 

We  have 

/ sin”  X d X = f sin”  *"  ^ x sin  xdx  = — / sin”  x d (cos  x). 

Integrating  by  parts  we  have 
/ sm'>^xdx  = - COS  a;  sin + (^^  “ 1)  / cos^  a;  sin”  “ ^ 

= — cos  X sin”  - iaj  + (w  — 1)/(1  — sin^  x)  sin”  -'^xdx, 
and  by  transposing  and  dividing  by  n we  have 


J*  sin” 


‘ d X = — 


cos  X sm” 


' X n — 


+ • 


— sin”  • 


X d X, 


By  successive  application  of  this  result  to  the  integral  on  tlie 
right-hand  side,  we  get 

/_  cos  X \ , . . w — 1 . 

sm”  xdx  = sin” x A sm” ” ^ a? 

w t ~ n — 2 


(n  - l)(n  - 3) 


+ J- 'o  J X ^ ® 

{n  — 2)  (w  — 4) 


...} 


(w  - 1)(»  - 3)  . . . 1 
(n  - 2)  (n  - 4)  . . .2 


A. 


Similarly,  it  can  be  shown  that 

, sin  X \ , . w — 1 

cos”  xdx  = Jcos” X A cos” -3  X 

n [ n — 2 


+ 

4- 


l)(r,-3) 


COS”  - 5 a? 


...} 


(n  — 2)  (n  — 4) 

(n  — 1)  (w  — 3)  (n  ~ 5) 
n{n  — 2)  (i^  — 4) 2 


1 


. B. 
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(150.)  Integrate  sin^  xdx. 

(1  — cos  2 x')  dx 


j* sin^  xdx  — 


= ^J^dx  2 xdx; 


therefore 


!■ 


. _ _ x sin  2 X 

sm^  xdx  = - — - — • 
2 4 


(151.)  Integrate  Qo^^xdx. 


J'  cos^  xdx  = J^- 


therefore 


/' 


„ _ X sin  2 a; 

cos^  X dx  = - -] — • 


(152.)  Integrate  sin'^xdx. 

By  A,  we  have 


. , , cos  X siii^  X S r . „ , 

sin^  xdx  = ] h — sin^  xdx. 

4 4 J 

cos  X sin^  X 3 X 3 . ^ ^ 

4 + T “ IG  ^ 


(153.)  Integrate  cos^  xdx. 

By  B,  we  have 


cos^  X dx  ^ 


sin  a;  cos'"  x 


+ 


If' 


cos^  xdx 


sin  X cos^  a;,  3a:,  3 . ^ 

1 h -^  + sin  2 a:,  by  151, 


Art.  45. — -Suppose  we  require  the  integral  of 
sin^  X cos^  xdx 

where  n and  m are  both  positive  integers. 

Firbt  let  m be  odd.  4 he  expression  may  be  written 
thus  : 

/ sin"  X cos’"  *"  ^ X cos  x dx  = f sin"  x cos’"  xd  (sin  a:). 
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Substitute  z for  sin  x and  we  have 

/r  in -1 

sin’^  X cos’"  xdx  = 2"  — 2^)  2 d 2, 

7Yl  ““  1 

and  since  — - — is  an  even  integer,  the  expression  is  easily 
Jit 

integrated  after  expanding  by  the  binomial  theorem. 

Again,  suppose  n and  m both  positive  and  even, 
sin"  + ’ a;  T 

Let  V = — and  u = cos’"  “ ^ a? : 

n-\-l 

therefore  dv  = sin"  x cos  xdx  and  integrating  by  parts  we 
have 


f- 


sin"  X cos’"  xdx  = 


sin"  + ^ X cos’"  “ ^ X 


+ 


n + 


n 1 
sin"  + 2 ^ xdx. 


By  repeated  application  of  this  formula  and  by  aid  of  A, 
Art.  44,  the  required  integral  can  be  obtained. 

(154.)  To  integrate  x^dx. 

Integrating  by  parts  we  have 


® a;"  d a?  = ® a?"  — — \ x^’~^  dx 

a aj 

1 ^ 1 . - 1)  r 

= ^ — - e^^x^-^dx, 

a J 


&c. 


(155.)  To  integrate  sin"  xdx. 
Integrating  by  parts  we  have 


r • ^ ^ r . , 

€f^ ® Sin"  xdx  = - sm"  x \ sin" x cos  xdx 

J « 


1 

— _ gaa;  gmn  ^ 

a 


n 

sm"  “ 1 X cos  x 


+ ^ {(n  — 1)  sin"  - 2 a;  (1  — sin^  a;)  — sin"  i 


d X, 
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Transposing  and  dividing  by  we  liave 


sin^ 


xdx  = — sin^ ~ ^ a?  (a  sin  a:  — w cos  x) 

^ 


+ 


w (n  — 1) 


xdx. 


Eepeating  this  process  on  the  integral  on  the  right-hand 
side  we,  finally,  obtain  the  required  integral. 

d X d X 

(156.)  To  integrate  - — and 


cos’''  X 


/dx  __  cos  X I w — 2 dx 

sin'^'  X (w  — 1)  sin’*  - ^ x w — 1 J sin**  - ^ ; 
(n  - 2) 


cos  X 


cos  X 


(»  — 1)  sin”  - 1 a:  (n  — 1)  (w  — 3)  sin”  x 


(«  - 

{n  - 


2(«-4)  r_ 

1 («  - 3)  J si 


d X 


sin**  “ 4 ^ 


, &o. 


Similarly, 


r dx  ^ 

J cos^x  (w  — 


sin  X 


+ 


(n  — 2)  (w  — 4)  sin  x 


1)  cos’^  X (w  — 1)  (w  — 3)  cos’*  -^x 


+ 


(n  — 2)  (w  — 4) 
(n  - 1)  {n 


Z_i)  f 

-3)J' 


d X 


cos’*  -^X 


■ , &c. 


1.  f sin^  xdx, 

2.  / sin^ xdx, 

3.  / cos^ xdx, 
f cos^  xdx. 


Examples. 


Ans. 

cos^aj 

cos  X. 

3 

Ans. 

COS^  X 

-f-  - COS^  X — cos  X. 
o 

5 

Ans. 

sin^  X 

-h  sin  a;. 

3 

Ans. 

sin^  X 

5 

2 • 3 , • 

- sin'’  X + sm  X. 
o 

4. 
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5. 

Ans. 


j sin®  xdx. 


cos  X sin^"  X 


— cos  X sin^  X cos  a;  sin  a;  + ^ . 

24  Id  16 


6.  f cos®  xdx. 


Sin  X cos®  X 5 sin  a;  cos^  x 5 sin  a;  cos  a; 

+ — 16 + 16- 

Sin^ic  sin^  x 


" ’ 6 

24 

7.  / sin  X cos^  xdx. 

Ans. 

8.  / sin^  X cos®  xdx. 

Ans 

9.  f sin^  X Gos^  xdx. 

Sin®  a;  3 . 
Ans.  — sm^ 

10.  / sin  X cos^  xdx. 

Afis. 

11.  f sin^  X cos^  xdx. 

Ans. 

12.  r sin®  X cos®  xdx. 

2 4 

Sin^a;  2 . 


— - siir  X + 


1 . 


sin^  X 


7 * 


11 

_ Cos3a; 

“3  ‘ 

Cos"^  X cos®  X 


Ans,  — 


cos'  X 


+ -COS^  X COS^^  X. 

1/  X L 


r • n Of  >1  ® sin  4 X 

13.  I sin^  X cos^  xdx.  Ans.  - — — — — . 

•'  8 32 

14.  / sin^  X cos^  xdx. 

Sin®  X cos  X sin^  x cos  x sin  2 x x 
Ans.  g 24 ^ + ni- 

ls. / sin^  X cos"^  xdx. 

sin  X CO-®  a;  . 1 . o . 1 . x 

ns.  — U ;r7  sin  a;  cos^  a?  4-  --  sin  a?  cos  x + 

24  ^16  ^16 


6 
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16.  / sin^  X cos^  x d x. 

nrt  r»n<<5  nf*.  ^ 


Ans. 


sin^  X COS'"  X 


8 


— — sin  0?  cos^  X ■ 
lb 


sin  X cos^  X 


64 


, 3 . 3 a; 

+ — sma;cos*+— . 


^ . tan®  a;  tan®  x , , 

17.  J tan"  X ax.  Am.  — - — — — 1-  tan  a:  — a:. 

O O 

Here, 

J tan®  xdx  = J*tan^  x (sec^  a;  — 1)  c?  a?  j 

= / tan^  X d (tan  a;)  — / tan^ xdx,  &o. 

18.  / e^^x^dx. 


Am. 


4 a:®  4x3  a:®  4x3x2a: 

n /Tf2  /i,3 


«v 

19.  / sin^  a:  a;. 

g3a;  f . ^ I ^ "j 

J.WS.  — jsin^  X (sin  a?  — cos  a?)  + (3  ^ — cos  a;)  | . 


20. 


d X 


sin*"  X 


, cos  X 3 cos  a?  , 3 , , x 

Ans.  - —7 [-  - log  tan 

4 sin^  X 8 sin^  a;  8 2 

r dx  , sin  a;  , 1 /l-|-sina;\ 

21.  — Ans.  2 hiloglTj : ). 

J cos^  X 2 cos^  a?  4 \1  — sin  xj  ^ 
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CHAPTER  XV. 

DEFINITE  INTEGRALS. 


Art.  46.— Hitherto  we  have  confined  onr  attention  to 
indefinite  integrals  in  which  no  limits  were  assigned  to  the 
’ariahle.  We  shall  now  endeavour  to  give  an  elementary 
sa  of  a definite  integral,  re- 
vrding  the  process  of  integra- 
on  as  a summation. 

Suppose  y,  the  ordinate  of 
the  curve  P Q,  Fig.  16,  to  vary 
continuously  by  successive  in- 
crements, being  a at  the  point 
P,  and  h at  the  point  Q.  It  is 
evident  that  the  total  incre- 
ment of  y is  6 - a,  and  consider- 
ing this  total  increment  as  the  sum  of  its  partial  increments, 
we  have 


£ 


= b — a, 


h being  called  the  superior  limit  and  a the  inferior  limit  of  y. 
Again,  suppose  y a function  of  x,  the  relation  being 

y = ^ (*). 

and  let  x = where  y = a,  and  x = x^  where  y = h;  there- 
fore a = cl>  (x^')  and  h = cji  (x^)* 

Also 

dy  = (jj'  (x)  d X ; 


therefore 


r®2 

j., 


(x)  d X = (x^')  - <f>  (ajj). 


x.^  is  the  superior  limit  and  x^  the  inferior  limit  of  x. 
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We  see  that,  in  order  to  integrate  a continuous  function 
of  X between  certain  limits  we  first  find  the  indefinite 
integral,  and  then  substitute  for  a;  the  superior  limit  and  also 
the  inferior  limit  in  the  indefinite  integral,  and  subtract  the 
latter  from  the  former. 

(157.)  Find  the  value  of  fx^dx  between  the  limits 
X = 2 and  x = 4. 


therefore 


(158.)  Find  the  value  of  the  definite  integral 


The  integral  of  ^ ^ is  i log  (1  + a^^)* 
1 “j~  X 2 


Substitute  4 for  x,  and  also  0 for  x,  and  subtract  the 
latter  from  the  former ; therefore 


X dx  1 


\ log  17. 


I log  17  - log  1 1 = 


x^  2 


The  complete  discussion  of  definite  integrals  is  bejond 
the  scope  of  this  elementary  treatise. 


Examples, 


Ans,  2 loge  2 — 1, 


3. 


Ans,  2. 
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/: 

J: 

TT 

/: 

/; 

8.  — *6  2 X + 1')  dx. 

r ^ . Ans,  Log  2. 

J 2 1 + 

TT 

j:r 


4. 

5. 

6. 

7. 


COS  X dx. 

Ans, 

1. 

sin^  X dx. 

Ans. 

TT 

2* 

cos^  xdx. 

Ans, 

TT 

4* 

d X 

Ans, 

TT 

1 + x^‘ 

4’ 

9. 

10. 

11. 

12. 

13. 

14. 

15. 


cos  X dx 


+ sin  x 
x'^  dx 
V — x^ 


J 0 

dx 

J 1 V2a;  - 

2 

J 6 16* 


16 


Ans, 


Ans, 


Ans,  Log  2. 
Ans. 


Ans,  - log  3. 
o 


a — X ^ . TT  a 

dx,  Ans,  — — a. 

a X 2 


r. 


V — OJ’^  d X, 


. TT  r*® 

Ans,  — T—  • 
4 
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CEAPTEE  XVL 

AREAS  OF  PLANE  CURVES. 


= 4 a X,  y 


Art.  47. — Suppose  we  require  the  area  bounded  by  t1 
curve  A B,  the  axis  of  X,  and  the  ordinates  P a,  Q / 

being  rectangular.  Let  the  ordinate  at  the 
and  the  ordinate  a'' 
indefinitely  near  to 
the  abscissa  of  C,  x, 

X + d X, 

Then  the  area 
h{y  + y + dy)dx  = 
is  the  area  required,  that  is 

d A = y d X 4*  ^dy  dx. 


C D h 


{ 


But  when  dy  and  dx  are  inde- 
finitely small,  the  term  ^d  y dxis  indefinitely  small  in  com- 
parison with  ydx,  and  may  therefore  be  neglected  ; therefore  ^ 

d A = y dx,  ^ 


Integrating  we  get 

A = fy  dx  + 

where  C is  a constant. 

Again,  suppose  y and  x connected  by  the  equation 
y = cfi  (x).  Therefore 

A = / </)  (x)  dx  + C. 
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3ut  we  want  the  area  between  the  limits  x a and  x = h; 
therefore 


A = J (x)dx=  j^/(a;)  J , 


\liqtq  f(x)  is  the  integral  of  dx.  Therefore 

The  constant  C disappears,  because  when  integrating 
S vveen  limits  the  constant  C is  always  subtracted  from 
Slf. 

general  formula  for  the  area  bounded  by  a con- 
e and  the  axis  of  X is 


A = fy  d X C, 


(A) 


formula  for  the  area  bounded  by  any  con- 
f o and  the  axis  of  Y is 


A = fxdy-{-C. 


(B) 


i.  he  axes  in  both  cases  being  rectangular. 

(159.)  Find  the  area  bounded  by  the  curve  whose 
equation  is  y = x\  and  the  axis  of  X,  between  the 
limits  X = 1 and  x = 4, 

. By  formula  (A)  we  have 


that  is, 


A — fydx4-G  = ^ d a?  + C, 


^'(7+")-(7  + «)  = ¥-r 


A = 21. 


(160.)  Find  the  area  bounded  by  the  curve  men- 
tioned in  the  last  example  and  the  axis  of  Y between 
the  same  limits,  viz.  x = 1 and  x = 4. 

M 
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By  formula  (B)  we  liave 

A = jxdy-{-G,  but  dy  = 2xdx. 
A = /2  da;  + C;  that  is. 


M 

I' 


-[¥-«]:■ 


ii 


A = 42. 


(161.)  Find  the  area  of  the  parabola  f = 4ax, 
tween  the  limits  x = 0 and  x = a. 

By  (A)  we  have 

A = = that  is. 


2^,  4 V ax  X X 2 

A = 2 V X x ^ ^ 


=z  -xy, 

3 ^ 


Therefore  the  required  area 


A = |a^ 


The  area  of  a segmen  t of  a 
parabola  bounded  by  a chord 
perpendicular  to  the  axis  of 
X is  f of  the  area  of  the  cir-' 
cumscribing  rectangle. 

(162.)  Find  the  area  oj 
a circle  whose  radius  is  r. 
If  the  centre  of  the  circle 


Fig.  18,  be  taken  as  origin,  its  equation  is  x-  + y^  = >^ 


therefore  y = V — x 
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By  (A),  ^ area  of  the  circle, 

1 A.  = jydx  + G ~ J^o ^ ^ "t"  ® ^ 


that  is, 


r X si r2  /^jx  -It 

= L 2 +2™  '(r)  + °J, 


by  Example  (140). 


163 


\ 


TT  TT 


•••  A=2X2=T- 


Therefore  the  whole  area  of  the  circle  is  4 A = tt 

(163.)  Find  the  area  of  the  ellipse  whose  equation 


that  is. 


[ 


X si  ^ 
2 


+ 


that  is, 


irah 

~T'  ’ 


Therefore  the  whole  area  of  the  ellipse  is  4 A = tt  a 6 

(164.)  Find  the  area  of  the  cycloid 


X = a(0  — sin  6 ) 
y = a (1  — cos  O') 


Art.  34. 


164 
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The  area  A=fydx-i-G;  that  is, 

A = (1  — cos 6yd6  = (1  — 2 cos  0 + cos^ 6)\ 

= “ L m ■^2  + ^rJ.  • 

A = 3 7ra\ 

Therefore  the  area  of  a cycloid  is  three  times  the  area  o.  i 
generating  circle. 


Art.  48.— The  Catenary. 

The  catenary  is  the  curve  assumed  by  an  inelastic 
or  chain  of  uniform  density  suspended  by  its  extremities! 

We  shall  investigate  the  equation  of  the  catenary. 

Let  A 0 P B (Fig.  20),  be  | 
catenary. 

Taking  the  vertex  as  orif^ 

0 Y and  0 X as  the  axis  of  Y al 
X respectively. 

Consider  the  equilibrium  of  t'\ 
arc  O P. 

There  are  three  forces  actiit 
on  it,  viz.  the  horizontal  tension  1 ! 
at  the  vertex,  the  tangential  fore* 
F,  at  P,  and  the  weight  of  0 - 
which  we  shall  denote  by  S,  assuming  unit  length  to  b^ 
unit  weight.  These  three  forces  meet  at  a point,  and  a| 
portional  to  the  three  sides  of  the  triangle  P Q E ; that^ 

F : T : S ::  PE  : EQ  : QP, 

Also 


F = VT^  + S^ 
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Bv 


iw 


that 


dy  S S 

dS~  F ~ V + 8^ 
SdS 


VT2  + 82 


+ 


lere  C is  a constant. 


by 


= VT^  + s*  + c. 


The 


t y = 0 where  S = 0 ; therefore  C = — T.  Therefore 
y + T=  VT2  + S*.  ...  (A) 

We  have  also 

dx  T 


(icrefore 


aat  is, 


dS  VT"  + to^ 
dS 


J VT2 


+ S2 


+ 0; 


aii( 


t) 


!B  = T log  {S  + VT2  + s^}  + 0, 

ind  where  aj  = 0,  S = 0,  therefore  C = — T log  T,  therefore 

jS+  VT^  + S'^I 

a;  = T log  I ^ , 


therefore 


i Again, 


S+ v'T2  + S2  = TeT.  . . , 

{VT^  + S^  - 8}  {V'P  + S^+S}  =P. 


. (B) 


%•.  VP  + - S = 


FJI2 


Vp  + s^  + s 


r£2  X 

— =Te  f.  (C) 
Te'^ 


Adding  (B)  and  (C),  we  have 


2VP  + S-’=t{^|^^-|}; 
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therefore 


+ 8^  = 1 lex +e  '4; 


therefore  by  (A),  we  get 

2/  + T = |{e^  + e Ti 

If  we  move  the  axis  of  X down  a distance  equal  to  the 
length  of  string  or  chain  whose  weight  is  equal  to  T, 
the  equation  becomes  , 

T (I  -II  1 


^=-jeT  + eTj. 

(165.)  Find  the  area  bounded  by  the  catenary 
curve  and  the  axis  of  x between  the  limits  x = 0,  and 

, T-fj  -|T' 

a=:c(.¥_.-?).  ! 

Art.  49. — Areas  in  Terms  of  Polar  Co-ordinates. 

Y I^et  x,y,  be  the  rectangular 

co-ordinates  of  the  point  P,  pn 
the  curve  A B.  Then,  if  we  ta 
0 X as  the  initial  line,  0, 
pole,  the  angle  P O X = 0, 
vectorial  angle,  and  0 P the  ra^ 
vector  p,  of  P,  we  have  x = p co 
^ and  y = p sin  0. 

Let  the  point  Q be  indefinitely 
near  to  P,  and  denote  the  angle 
P 0 Q by  d then  an  element  of 
he  curve  is  O P. 0 Q sin  P O Q ; but  when  P 
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r \ 


and  Q are  indefinitely  near  0 P = 0 Q,  and  denoting  the 
f element  of  the  area  by  d A,  we  have 


d A = ^ d 0, 


since  sin  d6  = dO^  when  d 6 is  indefinitely  small ; therefore 
■ the  area  of  any  continuous  curve  in  polar  co-ordinates  is 
! given  by  the  formula 


K = ifp^de.  . . . . (D) 

(166  ) Find  the  Area  of  the  Curve  whose  Equa- 


tion is  p = a {1  -f-  cos  0)^  (JJardioid),  It  is  obvious  that  the 
initial  line  divides  it  symmetrically,  and  that  the  whole  area 
is 


A =/ p^d6% 


that  is, 


therefore 


' . 3 TT 

(167.)  Find  the  Area  of  the  Lemniscate  whose 
Equation  is  cos  2 0.  This  curve,  Fig,  22,  has  two 

loops,  and  its  whole  area  is  therefore 


X 
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that  is, 


A = 2a‘^pco82edO  = 2a^  ; 


A = 2 X o = «^* 

Ji 


Examples. 

1.  Find  the  area  of  the  curve  whose  equation  is  p = a cos  0. 

TT 

Ans.  —r— . 

4 

2.  Find  the  area  of  a loop  of  the  curve  cos  6 0, 

Qp‘ 

This  curve  has  6 loops.  Ans.  — • 

3.  Find  the  area  hounded  by  the  curve  whose  equation  is 

y = and  the  axis  of  X between  the  limits  a?  = 0,  and 

X = h.  Ans.  ^ !)• 

4.  Find  the  area  contained  by  the  curve  y = ^ S x'^  4:Xy 


and  the  axis  of  X. 


Ans. 


+ 2 x\ 


5.  Find  the  area  included  between  the  curves  = 4 m a?, 

2 A 16  m2 

x^  — 4zm  y.  Ans.  — - — • 
o 

6.  Find  the  whole  area  of  the  ellipse  whose  equation  is 

IT 

ax"^ 2}ix  y -{-hy^^  — 1.  Ans,  - » 

ah  — li^ 

7.  Find  the  area  of  the  curve  m^  y^  = x^  (w?  — betw 

the  limits  x = m and  a?  = — m.  Ans.  • 

. 5 

8.  Find  the  whole  area  between  the  curve  x yp  = 

X (2  m — a;),  and  the  line  y = o.  Ans,  4 Trm^. 
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CHAPTER  XVIT. 

AREAS  OP  SURFACES  OP  REVOLUTION. 

Art.  50. — If  a plane  curve  revolve  about  a fixed  straight 
line  in  its  plane,  every  point  in  the  curve  will,  obviously, 
describe  a circle,  and  the  curve  will  generate  a surface  called 
a surface  of  revolution. 

The  line  about  which  the  curve  revolves  is  called  the 
xis  of  revolution. 

The  section  of  a surface  of  y 
olution,  by  a plane  perpen- 

lar  to  its  axis,  is  a circle.  ^ 

Let  the  curve  P Q,  Fig. 


hen  we  may  assume  that 


nite  number  of  straight 

s of  length  d s,  . ^ ^ X 

The  surface  generated  by  23 

revolution  of  d s about 

X is  2 IT  yd  8,  and  denoting  this  element  of  surface  by  dS 


e have 


cZS  = y ds^ 


erefore 


S = 27r  f y d s -\-  G. 


Again, 


I'fo  THE  INTEGEAL  CALCULUS.  I 

therefore  | 

S = + + . (A) 

y = f (x)  be  the  equation  of  the  curve  P Q,  Fig.  23, 
then  the  surface  generated  by  P Q is  I 

Similarly,  we  may  show  that  the  surface  generated  by  the 
revolution  of  a plane  curve  about  the  axis  of  Y,  is  | 

S = 2.Ja,^{n-(||)|tia:  + 0.  . (B)  I 

(168.)  Find  the  surface  j 
of  a sphere.  i 

The  surface  of  a spheT3  is  ^ 
generated  by  the  revolutioi  of 
a circle  about  a diameter. 

Let  the  circle,  wlpse 
centre  is  at  the  origin,  revive  ' 
about  the  axis  of  X ; the  its  | 
equation  is  -j-  y^  = r^. 


By  formula  A,  we  have 


.-.  S = 27r{r^-(-r^)}=4^r^ 

It  will  be  noticed  that  the  surface  of  a sphere  is  equal 
the  curved  surface  of  its  circumscribing  cylinder. 


\ 
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(169.)  Find  the  surface  generated  by  the  revolu- 
tion of  the  parabola  y'^  = 4: ax  about  the  axis  of  X, 
between  the  limits  a;  = 0 and  x = a. 


Therefore 


S = 27r  J'  4:  ax  |l  +~|<^a;-|-ObyA. 
S = 47rVaJ^  \/(aJ  + a)c?a;; 


that  is, 


1 04^ 


<3  Q /— + 

s = 8,./. 

(170.)  Find  the  surface  generated  by  the  revo- 

X X 

lution  of  the  catenary  y = ^ about  the 

axis  of  Y. 

By  B,  we  have 


Now, 


therefore 


Vi'  + dl)’}  = 


^x'^e^+  e o^dx. 

J^a;  je<^  -f  e o | dx  = cx(^^  _ e'c  ^ + e"^ ^ -f- 2 
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(171.)  Find  the  surface  generated  by  the  revo- 
lution of  the  curve  y = ae'®  round  the  axis  of  X. 


S = 27ra/e«®V{l  + (ac)2e2c*}  dx+Q. 

Let  ac  = tan  6,  and  the  expression  becomes 

sin 


^ 2Tr  r d6  2 TT  j sin  0 ^ i n 

® ~ V J cos3  e r 12  cos2  61  4 ^ (l  - sin  6l)l 


Fig.  25. 

S = 27rfyds, 


(172.)  Find  the  surface  gene- 
rated by  the  revolution  of  a 
right-angled  triangle  about  the 
side  a. 

The  side  c will  generate  the  : 
surface  of  a cone  whose  convex  area 
is  required.  Denote  the  semi-ver- 
tical angle  by  a ; therefore  the  re- 
quired area 


= 2 TT  tan  a j*  x V 1 + tan^  a dx, 
m a. 

• . S = 2 TT  tan  a V 1 -f  tan^  a J*  x dx; 


since  y = x tan  a. 


that  is, 


S = 2 TT  tan  a V 1 + tan^  a X ^ > 


S 


and  since  tan  a = -,  we  have 
a 


8 = 7rb  Va^  + h'^; 

that  is,  the  area  is  the  product  of  semi-circumierence  of  base 
and  slant  side. 

(173.)  Find  the  surface  of  a spherical  ring. 

A spherical  ring  is  generated  by  the  revolution  of  a circle 
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about  a straight  line  in  its  plane.  Let  the  radius  of  the  ring 
be  r,  and  let  the  distance  of  the  centre  of  the  circle  from  the 
straight^ line  be  E.  Let  ah  Fig.  26,  be  the  generating 
circle,  and  let  a D be  drawn  perpen- 
dicular to  the  axis  of  X,  then  an  element 
of  the  area  of  the  ring  is  equal  to  the 
sum  of  the  elementary  zones  generated 
by  the  arcs  a h and  ; therefore 

dS  = 217  ds 


where 


D 


X 


2Ji=aT>  and  2/2  = 


that  is. 


Fig.  26. 

dJS  = 47rEcZs,  since  E = J (y^  + 2/2), 


because  the  circle  is  divided  symmetrically  by  the  straight 
line  through  its  centre  parallel  to  the  axis  of  X;  therefore 

s 


that  is, 


S = 2 TT  Rs 


where  s is  the  circumference  of  the  generating  circle;  that  is, 
S = 27rE  x27rr  = 4:Tr^Rr. 


Art.  61. — Guldinus’  Theorems. 

First.  The  surface  generated  by  the  revolution  of 
a curve  about  any  external  axis  in  its  plane,  is  equal 
to  the  product  of  the  perimeter  of  the  curve  into  the 
distance  through  which  the  centre  of  gravity  of  the 
curve  moves. 

Let  y denote  the  distance  of  the  centre  of  gravity  of  the 
perimeter  of  the  curve  from  the  axis,  s the  length  of  the 
curve ; then  we  have,  by  the  method  of  moments, 
ya  = fy  ds; 


the  integral  calculus. 
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therefore 

2Trys  = 2Trj  y ds. 

Thi,  Pr»v^  the  theorem,  einee  is  the  di.S 

through  whtoh  the  teutre  of  gravity  of  the  curve  moves 
one  revolution,  and  s is  the  length  of  the  curve 

Second.  The  volume  generated  by  the  revolution 
a plane  area  about  an  external  axis  in  its  plane 


equal  to  the  product  of  tl 
area  into  the  distance  throng 
which  its  centre  of  art 
moves. 

To  prove  this  theorem;  L 
the  whole  area  be  denoted  by  1 
X and  let  0 X denote  the  extern^ 
axis  about  which  it  revolve 
X,  y,  the  co-ordinates  of  its  cent 


rue  co-ordinates  of  its  cent 
ot  area;  then  an  element  of  area,  d A = dy  dx,  and  we  ha' 


' — a A = ay  ax,  and  we  ha 

the  moment  of  the  whole  area,  A,  about  0 X,  equal  to  t 
sum  of  the  moments  of  its  elements  about  OX;  theretoje 


that  is, 

therefore 


yA  = fydA; 

= J'  f t/dxdy=  I J^y^dx; 


^ ^'n-yA  = 7rJy‘^dx.  ^ 

This  integral  is  taken  the  whole  distance  round  the  curve. 

Now  2 in- y IS  the  distance  through  which  the  centre  of 
gravity  of  the  area  moves  in  one  revolution,  and  A is  its 
whole  area,  which  establishes  the  theorem,  since  Trfy^dx 
represents  the  whole  volume. 

’ 

I 
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abou 

]^e  r,  I Examples. 

strai?^  Find  the  surface  generated  by  the  revolution  of  the 
^^.LLKS  y = mx-\-  c about  the  axis  of  X between  tbe  limits  a?  = 0 
^.nd  X = a, 

^ AC,  /ma^  \ 

^ Ans.  2;r  ^(1  + «*2)  +acj. 

2.  Find  the  surface  generated  by  the  revolution  of  the 
curve  y = ax^  about  the  axis  of  X. 


2fa  + 9 x^y  + C. 


3.  Find  the  surface  generated  by  the  revolution  of  the 
cycloid, 

X = a {6  — sin  O') 
y = a {1  — cos  6)y 

] ound  its  base. 

. 64  TT 

AnSi  — — — • 


Find  the  surface  generated  by  the  revolution  of  the 

iiipse 


~ 


about  its  minor  axis. 


Ans, 


|2  a? 


_ ^^2  _ y2.)\ 


5.  Find  the  surface  generated  by  the  revolution  of  an  arc 
of  a circle  of  radius  r,  subtending  an  angle  of  60°  at  the 
centre,  about  a line  in  its  plane  parallel  to  its  chord  and  at  a 
distance  d from  it. 

. /a/^ 


Ans.  -i-)}. 


6.  Find  the  surface  generated  by  the  revolution  of  a semi- 
circular arc  about  a tangent  at  its  middle  point. , 

Ans,  2 TT  (tt  — 2). 
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CHAPTEE  XVIIL 

VOLUMES  OP  SOLIDS  OP  REVOLUTION. 


Art.  52. — If  a plane  curve  makes  one  complete  revolution 
about  a line  in  its  plane,  it  will  describe  wbat  is  called  a 

solid  of  revolution.  Taking 


this  line  as  the  axis  of  X, 
the  area  of  the  circle  de- 
scribed by  a point  P on  the 
curve  is  tt  and  an  element 


of  the  volume  is^^the  area 


of  this  circle  multiplied  by 
d X ; therefore 

dyf==  ir'if  dx, 

7 is  the  volume. 

Y = Trfy^^dx  + C, 

where  C is  a constant. 

(174.)  Pind  the  volume  of  a sphere.  Taking  the 


Fig.  28. 


y; 


axes  and  origin  as  in  Example  168, 

We  have 


that  is, 


V = TT  — x"^)  dx; 


V =-^r\ 

O 
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(175.)  Find  the  volume  of  a cone. — Taking  the 
0 mentioned  in  Example  172,  we  have 

/a  l^a 

tan^  a d X = TT  tan^  a x‘^  dx 
0 Jo 


't£at  is,  the  volume  of  a cone  is  equal  to  the  product  of  the 
area  of  its  base  and  one-third  its  vertical  height. 

(176.)  Find  the  volume  generated  by  the  revo- 
lution of  the  parabola  = 4: ax  about  its  axis. 

Here 


there  fore 


that  is,  the  volume  is  equal  to  one-half  the  volume  of  the 
circumscribing  cylinder. 

(177.)  Find  the  volume  generated  by  the  revo- 
ution  of  the  cycloid  a?  = a (^  - sin  6*),  ^ = a (1  - cos  0), 
ibout  the  axis  of  X. 


Here 


dY  = 7ru^(l  — cos  Oy do ; 


. herefore 


aat  is, 


V = 5 7r^a^ 


N 
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Examples. 

1.  Find  the  volume  generated  by  the  revob' 
triangle  about  a line  through  its  vertex  parallel  to 

Ans.  % Trh^h,  where  h is  its  height  and  h its  base. 

2.  Find  the  volume  generated  by  the  revolution  of  a 
ment  of  a circle  about  its  chord. 


Ans,  2 


TT  r I 


(2  cos  6 


— r I , where  r is  th< 


3 ) ' fa 

radius,  d the  distance  of  the  chord  from  the  centre,  and  >• 

r 


3.  Find  the  volume  generated  by  the  revolution  of  thej^ 
cycloid  X = a{p  — sin  6\  y = a {1  ^ cos  6),  about  the  axi&i 
of  Y. 

Am,  6 TT^  a^. 


4,  Find  the  volume  of  the  part  cut  off  from  a sphere,  cl 

T 

radius  r,  by  a plane  whose  distance  is  - from  its  centre. 

o 


28 


TTr*" 


5.  Find  the  volume  of  the  ellipsoid  whose  equation  hr 


Ans. 


,2 

Att  I mn 


1. 

n ^ ^2  “ ^2  — 


6.  Find  the  volume  of  the  frustum  of  a sphere. 


Ans, 


F + 3 + ^2^)1  where  h is  its  height,  anr  1 


and  the  radii  of  its  ends. 
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(1'^  Find  the  ratio  of  a hemisphere,  paraboloid  and  cone,  on 
cone  m base  and  all  of  the  same  altitude. 

:ii4:3;2. 

md  the  volume  generated  by  the  revolution  of  the 

iXP'  'lj‘^ 

^ = 1 about  a line  in  its  plane  at  a distance  d 
^ its  centre. 
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CHAPTEE  XIX. 

LENGTHS  OF  CURVES. 


Art.  53. — The  process  of  determining  the  length  of  an 
ai'C  of  a curve  is  called  its  rectification. 

Let  P Q,  Fig.  29,  be  an 
arc  of  a curve  whose  length 
is  required ; then  denoting  an 
indefinitely  small  portion  of  it 
by  d s,  we  have 

(dsy  = (dxy  + {dyyi 

therefore 


therefore  the  arc 


(178.) — Find  the  length  of  the  circumference  q)f 
a circle.  ; 

Let  the  equation  of  the  circle  be 

+ y‘^  = I 

By  A,  we  have  ( 
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since 


dy  X 

dx  y* 


and  the  whole  circumference  is  equal  to  four  times  this  in- 
tegral between  the  limits  x = 0 and  x = r ; therefore  the 
whole  circumference 


(179.)  Find  the  length  of  the  arc  of  the  parabola, 

y"^  = 4:  a X. 

Here 

dy  2 a 
dx~~  y 

and  by  formula  A, 

s = = (a) 

Let 

X = dx  z=z  2 zdzy 

and  (a)  becomes 

8 = 2 f a/  (z^  + a')dz 

= 2 + “ ,„g  (,  + + 0. 

8 = A/x^/x  + a + a log  (v^  + a/  x + ai)  + Q,  , 

Suppose  the  length  of  the  arc,  from  the  vertex  to  the  end 
of  the  latus-rectum,  is  required,  we  must  integrate  between 
the  limits  x = 0 and  x = a. 

8 = A/aA/a-\-a  + a log  ( Va  -f-  V a + a)  — a log  V cr, 
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that  is, 


s = a V 2 + a log  ( 1 + V 2). 

(180.)  Find  the  length  of  an  arc  of  the  catenary 


Here 


d X 


therefore 


X X 

= I |e“  + e 

I £C  ^X 


= J\/^l  +\{^  - e da5=ij'|e»  + e ^\dx, 

s = — e • 


The  length  of  the  arc  from  the  vertex  to  the  point  a;  = a is 
therefore 


(181.)  Find  the  length  of  the  cycloid 

X = a (0  — sin  ^) 

2/  = a (1  — cos  Oy 


/ 


Here 


d 1 


sin  0 


and 


dx  1 — cos  6 


d a;  = a (1  — cos  ff)  d 6. 
Substituting  in  (A)  we  have 


that  is, 


sin^  0 \ 

r + (i 

— cos  oyi 

I (1  — cos  0)  d 6, 


8 =:  a ^ 2 /Vl  “ cos  6 d 6 = 2 a J sin  ^ 6 dO, 


s = 2 a ^ — 2 cos  J 6^ 
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/ 

f 

for  the  hole  length  of  the  curve ; therefore 
/ ■ s = S a. 


That  is,  four  times  the  diameter  of  the  generating  circle. 


Examples. 


1.  Find  the  length  of  the  curve  = rh 

3 

Ans^  s = - a;!  + c. 


2.  Find  the  length  of  the  curve  whose  equation  is 
a = x^. 


3.  Find  the  length  of  the  arc  of  the  logarithmic  curve 

y = «*• 


An8,  8 = log 


+ Vi+Jf^  + C. 


1 + V 1 + 


4.  The  chain  of  a suspension  bridge  hangs  in  a parabolic 
arc  between  two  supports  of  the  same  height,  the  distance 
between  the  supports  being  70  feet,  and  the  dip  being  35  feet, 
find  the  length  of  the  chain  between  the  points  of  support. 

Ans,  103*5  feet  nearly. 
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CHAPTEE  XX. 

FOURIER'S  EXPANSION. 


Art.  54. — If  / (/)  be  any  periodic  function  of  the  time 
the  periodic  time  being  T,  then 

/ (0  = / (^  + ^ '^)  - 

where  n is  an  integer.  * 

Any  periodic  curve  may  be  represented  by  a constant 
term  Aq  say, 

+ a sine  curve  of  the  same  T as  the  original  curve. 

+ a cosine  „ „ „ 

. . . T 

+ a sine  curve  of  periodic  time  • 

A 


+ a cosine 
+ a sine 
+ a cosine 
+ a sine 
+ a cosine 


T 

3 

T 

T 


+ a sine 
+ a cosine 


T 

n 
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Therefore 


f(t)  = Ao  + Ai  sin  + Bi  cos 


2 Trt 


. . 4 TT  ^ _ 4 TT  < 

+ Aasm-^  + B2COS  — 
+ A3  sm  — + B3  COS — 


. 2mrt  2mrt 

+ An  sin  — 1-  J3»  cos  — Tfj— > ®o*>  “O' 


T 


(1) 


where  A^,  &c.,  are  constants. 

We  shall  show  how  the  values  of  these  constants  may  be 
found  when  the  curve  representing  / (t)  is  given. 

Multiply  (1)  byd^,  and  integrate  between  the  limits  0 
and  T thus  : 


nT  nT  2 77  f 

I f {t)  dt  = Aq  \ dt  A^  { sin  d t 

/T 


+ B, 


COS  d t + &c. 


/:■ 


/ (^)  c?  ^ =s  Ao  T + 0 + O5  &o. 


All  the  terms  on  the  right  vanish  except  the  first. 
Suppose  we  take  the  term 

. 2 n 77 1 - 

I I ^sin— 


An 


which  is 


, r T 2n77t']T^  A T ^ 

= An  - 7^ cos  — = - An^r (1  - 1)  = 0. 

L 2 n 77  i jo  21177^  ^ 

In  like  manner  we  may  show  that  all  the  terms,  but  the 
first,  vanish ; therefore 

1 

Ao  = tJ 

that  is,  Aq  is  the  average  height  of  the  original  curve. 
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the  integral  calculus. 


i 


To  get  Ai,  multiply  all  along  by  sm  ^ integrate 


between  the  same  limits  as  before.  Thus 


J'y  (0  sin  ^ t = Ao  J' 


'T  . 2lTt 
sin  « t 
0 •*■ 


+ Ai 


Jo"'''  T 


d t &c» 


J 


sin  = 0 + Ai  I + 0,  &c. 


All  tbe  terms  on  tbe  right  vanish  except  the  second. 

We  have  shown  that  the  first  term  will  vanish  in  finding 
Aq.  SupposG  WG  taliG  tllG  tGriTL 


pT  2 mrt  . 2 TT  t , 

An 


wliicli  is 
An 
^2 


cos 


m I J 


An 


5- [ 2;;^) ““ 

= 0 obviously;  therefore 
2-Kt 


T 


- Sin 


2 TT  (n  ^ ^ 


sm 


2 TT  (W  -f-  1)  ^ 


T 


sin  -jjr  dt. 


A^ 

B, 


2'irt 

-T' 

4 TT  f 

-T' 

4:7Tt 


Sin  —^dt. 


cos  dt. 


Similarly, 
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^ I o/(Osm-^c?<. 

_ 2 fT  2M7r«  ,, 

B»  = ^ I ^f(t)cos—^dt. 

The  following  examples  will  show  how  these  integrals 
are  worked  out. 

(182.)  Develop  the  periodic  curve 


f(t) 


V, 

4 

< T > 


t 


Fig.  30. 


Here  we  have 


N A I A • 27r<  . 477^ 

/(<)  = A(,  + Ai  sm  — + Bi  cos  sin  — 


_ 4 TT  / 

+ B2Cos^  + 


• &c. 


Multiply  hj  dt  and  integrate  between  the  limits  0 and 
T,  and  we  have 

A„T= 

• * • Ao  = ^ / (0  ^ = average  height  of  / (f)  = ^ . 

2 TT  ^ 

To  get  Ai,  multiply  by  sin  — ^ dt^  and  integrate  between 
the  limits  0 and  T,  thus : 
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that  is, 
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+ 


„ . 2 TT  < 

I ^ 0 X sm  d t. 


. 2Vi  r T 

T L T Jo* 

A,= 


2V, 


2 7rt 


Similarly,  by  multiplying  by  cos  d and  integrating 
between  the  limits  0 and  T,  we  get 


^ _^2V,  r T . 27rq2 
T T Jo’ 


Bi  = 0. 

4 TT  < 

To  get  A2,  multiply  by  sin  dt  and  integrate,  we  get 


■^2  fji 


r T 47rn 
L T Jo- 


A,  = 0. 

In  like  manner  we  find  that 

B2  = 0,  A3  = B3  =0,  A^  = 0,  B4  = 0, 

O TT 


2 V 

and  A5  = &c. 

O TT 


Therefore 


...  Vi  , 2Vi  f . 27r<  1 . 67r<  , 1 . IOttI 


1 . 2 7rnt 

■ ■ ■ ■ — 


+ &C.|, 


where  n is  an  odd  integer. 


tc|  H 
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\ (183.)  Develop  tlie  periodic  function 


constant,  and  / (t)  = Yi  when  i = T ; therefore  Vj  = K T, 
V 

that  is,  K = . 

Y 

Hence  / (^)  = -^  L Therefore 


A r 

Again, 

, 2 

r\it  . 

-^1  — ^ 

1 on  integrating  this  by  parts,  we  get 

2 Trt 


, 2Vi  r T , 27r^  /TV  . 27rnT 

“ T"  L ^ ^ 1’  J 0 ' 


Ax=- 


Again, 


t cos -y^  at  j 


^and  on  integrating  by  parts  we  have 

2Y,fTt  . 27rt  , (TV_27rnT 
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Similarly,  we  can  show  that  B2,  B3,  &c.,  all  vanish. 
Again, 


• A2  — ■ 


2 TT 


III 

fji2 


Similarly, 


Therefore 


2Vi  . Ott^ 

^3  = I 

r Tt  Ott^  / T \2  . 67rn 

[_  ^ 'T”  V w J 


Ao  — 


Vx 


V 

A4  = - &0. 

4 TT 


6 7r< 

sin  ^ - sin  — 


VifTT  . 2 7rt  1.  47rt  1 

1 . 87r<  1 

(184.)  Develop  the  periodic  function.  Fig.  32, 


Ao  = ^j^/(0<^< 


= average  heiglit  of  / (<),  whicli  is  zero ; tlierefore 

Ao  = 0. 
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Again, 


. 2 r - . 27r<  , 

= Fpj 


. . T T 

Now,/(<)  = K ^ between  the  limits  — — and  + — ; and  when 

T 

a = K — . 

4 


K = 


/ 2 

Again,  we  have  f(f)  = 2a\l  — ^ j between  the  limits 


T 3 T 

t = — and  t = — — ; therefore 
4 4 

T 

1+  “T 


3T 


’ ~ . 27rt  , 

t sin  a t. 

T 1 


, 2 r ^4:at  . 27r^^^  , 2 p 4 / 2A  . 27rt  ^ 

" r 4 

T ^ 

8a  ^ 2irt^^  , 4a 

= ^J  T 

“4  ~ 

_ r"' 

T^l 

4 

T 

. 8a  r 27r^  /TV  . 27rn^ 

Sap  T<  27r<  , /TV  . 27rn'^ 

+ Jt‘ 


3T 

2 7rn“ 

27r^'^®“Y~jT 
I 


A ^ ^ 

•••  Ai  = ^- 
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Similarly,  we  find  that 


a 


and 


Bi  = 

0,  B2  = 0, 

td 

CO 

II 

o 

&c., 

A,= 

p 

II 

p 

Ae  = 0, 

&c., 

8 a 

A S ^ 

A — 

A,= 

8 a 

® 25  TT^’ 

49 

8 a 

J . 2ir<  1 

T 9 

. Girt 

&o. 


T 


1 . 14  7r< 

49®in"^ 


+ &a|* 


Examples. 


1.  Develop 


2.  Develop 


"T" 

a 

4 


T" 

Gb 

Jl- 


Fig.  34. 


3.  Develop 


Fig.  35, 
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Development  of 


1 jy/t\  ^ Aa\  2 TT  < . 1 QttI  , 1 lOiri 
1-  /(O  = 2 - ^ -T-+  9 ^ 

,1  14  TT  ^ , n 1 

+49"°®-T-+*°-r 

o -effs  4rt  [ . 2 TT  < 1 . 6ir<  l.  lOiri,.  1 

2.  /(<)  = — |sin-^  + - sin-j^  + - sm  + &c.^. 

Q ® I 1 . 4ir«  1 . 6fl-<  , . 1 

3.  fit)  = 2 + ; ^ + 2 sm  -^+  g sm  -^  + &c.|. 


0 
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CHAPTER  XXL 


DIFFERENTIAL  EQUATIONS. 


Art.  55. — A differential  equation  is  one  wMch  i’  - 
volves  differential  coefficients.  It  may  or  may  not  contain 
the  primitive  variables  from  which  the  differential  coefficieu  iS 
are  derived. 

There  are  two  classes  of  differential  equations. 

1st.  Differential  equations  in  which  all  the  differential  co- 
efficients involved  have  reference  to  a single  independent  variable . 

For  example : 


dx 


+ ly  = 0 


is  a differential  equation  in  which  x is  the  independent  and  y 
the  dependent  variable. 

2nd.  Differential  equations  involving  partial  differential 
coefficients  which  indicate  the  presence  of  two  or  more  independent 
variables. 

For  example : ( 

is  a partial  differential  equation,  having  u for  its  dependent 
and  X and  y for  its  independent  variables.  A differential 
equation  is  said  to  be  of  the  first,  second,  third  ...  or  nth 
order,  according  as  it  contains  the  first,  second,  third  . . 
or  nth  differential  coefficient. 


is  of  the  first  order. 
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df 


+ a 


dx 
d t 


+ & a;  = 0 


is  of  the  second  order. 


d^  y 
dx^ 


+ a 


d^  - ^ y 
dx^-^ 


= 0 


IF  of  the  wth  order. 

A differential  equation  is  said  to  he  of  the  first,  second, 
dJrd  ...  or  nth.  degree,  according  as  it  contains  differential 
coefficients  of  the  first,  second,  third  ...  or  wth  degree. 


dx 


+ ay  = h 


:s  of  the  first  degree. 


+ ^ 


dy 


+ hy  = 0 


s of  the  second  degree. 


. . . ny  = 0 


s of  the  nth.  degree. 

Art.  56. — A differential  equation  is  said  to  he  linear  if  it 
admits  of  being  expressed  in  the  form 


d^y  y y 


+ • • • py=iy 


in  which  a,  h,  ...  p,  and  q are  either  constants  or 
functions  of  the  independent  variable,  x,  only. 

If  a,  b,  . . . p he  constants,  it  is  said  to  he  a linear 
differential  equation  with  constant  coefficients ; for  example  : 


d^y  . y,  d^y 

dx*  ^ dx^ 


+ 6 


dx^ 


d X 


+ ^ = 0 


is  a linear  differential  equation  with  constant  coefficients. 

0 2 
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If  a,  6,  . . , p are  functions  of  it  is  said  to  be  a ^ 
differential  equation  with  variable  coefficients ; for  example  : 


(1- 


22/  = 0 


is  a differential  equation  with  variable  coefficients. 

Art.  57. — Solution  of  differential  equations  of  the 
first  order  and  degree  between  two  variables. 

The  general  form  of  differential  equations  of  the  first 
order  and  degree  is 

Ada;  + Bdy  = 0, 

A and  B being  functions  of  the  variables  x and  y,  in  which 
form  either  x ox  y may  be  regarded  as  the  independent 
variable.  < 

The  above  equation  can  always  be  solved  if  the  variables 
A and  B admit  of  being  separated ; that  is,  if  the  equation 
admits  of  being  expressed  in  the  form 

K dx  Y dy  = 0,  ^ 

in  which  X and  Y are  functions  of  x and  y respectively.  The 
solution  will  be 

X d ir  ”f- 

where  A:  is  a constant. 

(185.)  To  solve 

— 3 ir)  d a;  + — 2 ^ 2/  = 0, 

we  have 


that  is, 


f{x^  ~ Zx)  dx-\-  - 2y)  dy  = h, 


x^  3 2/^ 


(186.)  To  solve 

V (a‘^  + 2/2)  d aj  + V 5^  + a;2  d 2/  = 0. 
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4 

’Here  the  variables  may  be  separated  by  dividing  by 
js/Ip?  + j therefore  we  have 

i 


d X 


+ 


dy 


V 6^^  + V + y 


= 0. 


I log  (a:  + V 6^  + a;2)  + log  (y  + s/  + y^)  = h 

I . • . log  (a;  + V 6^  + a:^)  (2/  + V + 2/^)  = 

^ (a:  + V 6^  + a:^)  (2/  + V + 2/^)  = 

Sphere  = e^. 

^ Art.  58. — Homogeneous  differential  equations  of 
the  form  Ada;  + Bc?^  = 0 may  be  solved  by  assuming 
'i  = vx,  and  the  variables  x and  v will  then  admit  of  being 
jeparated. 

(187.)  To  solve  {x  + ^ y‘^  + dy  — y dx  = 0. 

Here  let  y = vx;  therefore  dy  = vdx-\-xdv\  therefore 

{x  X + 1]  (vdx  + xdv)  — vxidx  = 0. 

In  dividing  by  x 

I (1  ^ -\-  1')  {y  d X X d v)  --  V d X = 0, 

V ^ + 1 d X -\-  X {I  ^ + 1')  d V = 0. 

Dn  dividing  by  + 1,  we  have 

d V 


dx  dv 

X V 4- 1 


= 0. 


f»  Integrating  we  have 

log  X + log  V + log 


lat  is, 


log 


X 


1 + + 1 


1 + 'Jv'^  + 1 

= h. 


= h, 


y" 


= = K say. 


X + >/  x^  + y 

2/^  = 2Ka!  + K2. 

bting  an  arbitrary  constant. 
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Art.  59. — Equations  of  the  form  | 

(ax  -\-hy  -\-  c)dx  + (a!  X y c'')dy  = 0 
may  generally  be  solved  by  assuming  a;  = a?'  — Z,  a ^ 
y =z  and  the  transformed  equation  becomes  ^ 

{a x'  h y'  — al  — h m + c)  d x'  J 

+ (a!  x'  + V y'  a!  I — V m + c')  dy'  =z  0.  rj 

Now  let  1 

a Z + 6 m = c,  1 

a'  I V m = c',  1 

and  these  equations  will  determine  Z and  m,  and  the  tram  1 
formed  equation  will  become  j 

(ax^  + hy^)dx^  + {a'x^  + Vy^)dy^  = 0.  J 


This  equation  is  integrable  by  the  preceding  example  1 ' 
assuming  y'  = vx\  since  it  is- rendered  homogeneous.  ^ f 

(188.)  To  solve  the  equation  : 


(3  X “I”  y ”f"  7^  d X -)-  (2  X “1“  5 y -f-  9)  d y ^ 0, 
Assuming  x = x'  — I,  and  y = y'  ^ m,  the  equation  becomes , 
(3  a;'  + 2/'  — 3 Z — m + 7)  cZ  a?' 

+ (2  aj'  + 6 2/'  — 2 Z — 5 m + 9)  (Z  = 0.  i 


Let 


therefore 


3 Z -{-  = 7j 

2 Z -f-  5 = 9j 

Z = 2,  m = 1, 


and  the  equation  becomes 

(3  x'  + 2/')  d x'  -\-  (2  x'  b y')  dy'  = 0. 
which  is  homogeneous. 

Assume  y^  = vx*  and  this  equation  becomes 

(3  + 3 «;  + 5 tZ  a;'  + a;'  (2  + 5 v)  cZ  i;  = 0. 
dx'  (2  + b v)  d.v 


log  aj' 


3 + 3 «;  + 5 

(2  b v)  dv 


= 0. 


3 + 3 v + 5 


= K 
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loga:'  + ilog(3  + 3e  + 5«;’2) 

1 , (10® + 3)  _ , 

+ -7 — 

VSI  v51 

by  Example  133.  On  substituting  in  terms  of  x and  y we 
have 

log  (*  + 2)  + ilog  |3  + 3 (^1^)  + 5 (L)  } 

. _1_  tan-i  = T^- 

'■  • (*  + 2)V61 

dy  . . jy 

Art.  60.— The  solution  of  the  equation  ^ ^ ^ 

* in  which  A and  B are  functions  of  x,  is  of  considerable 
■ importance  in  the  working  out  of  a great  many  electrical 
problems. 

First  suppose  B = 0,  and  we  have 
dy 


dx 


+ Ky  = 0. 


. • , ^ = — A d a?, 

y 

and  on  integrating  we  have 

log  y = — JAdoj  + ife, 

where  h is  an  arbitrary  constant ; therefore 

— fAdx  + Jc  I: 
y =z  e ^ ^ e^e  ^ 9 

- r Ad® 

2/  = Ke  • 

where  K = 

Again,  assume  K a function  of  a?, /(a?), 

/.  r N - I Ad® 

2^ =/(*)«  • 


(a) 


(i8) 
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||  + A/ =/'(*) 


that  is, 

||  + A 2/  = /'  (®)  by  (/?), 

and  on  referring  to  the  original  equation  we  see  that 

= B, 

therefore 

/'(*)  = e A"®  B, 

/(x)  = J^e-^^**®  B<la;  + 

Substitute  this  value  of  /(.t)  in  equation  (y8)  and  we  have 

(189.)  Solve 

dy  xy  _ 1 

da;  i + a:^  2a;(l+a:^) 

Here 

^=lT^-  **•  jA^a=  = ^logCl  + a;*). 

...  ^ ^ 

Also 

eA<**  = (1  + xy. 

Again, 

B = L__. 

2x(i  -\-  x^y 
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. CQdl^l^  - f. 


dx 


2x{l  + x^^Y 

)■ 


Substituting  in  (y),  we  have 

|1,  /\'TT^-1 


y = (l-{-x^)-i  {^log(- 
(190.)  Solve 


)+,.}. 


dy  3y 


dx  X + a 


= (x  + ay 


Here 


A = ; — , B = (x  + a)*. 

X + a ^ ' 


Henco 


and 


Also 


therefore 


fAdx  = —S  log  (x  + a). 

- / Adx  3 log  (a;  + a)  , , . , 

6 •'  ==  e = (x  + afy 

6/^<**  = (x  + a)-^ 

'*  B dx  = J(x  + a)-3  (a,  + a)‘ dx  = 

y = (x  + a)3  |(^  + ^ -jjy  equation  (y). 


d C 

(^191.)  Given  V = R C + L find  C where  V = sin  n t, 

and  L being  constants.  Here 

dC , R^  1 . ^ 

-1—  + :p  O = :p  Sin  n t, 
d t Li  Ij 
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R 1 

In  this  example  we  have  C,  — and  — sin  n t instead  of 

Li  Jj 


?/,  X,  A and  B respectively  in  equation  (y). 


E ,,  E* 
1“"=  L- 


Ca  ^ 

— I A dx 

e J = e ^ • 


r fAdx^  , 1 r 

I e*'  B a X = ^ j ( 


?l1 

e ^ sin  nt  dt 


R^ 


e ^ sin 


V(R2  + L2  ^2) 


by  Example  (139). 


nt 


C = e~  ^ 


e ^ sin 


in  |w  ^ — tan-  ^ 


V(R2  4-  L2  n2) 


+ I 


by  (y)  ; that  is, 


^ sin  (nt  — O')  ,7 

C = -- — ^==L  + lce  L» 

VR2  + (Ln)2 


where  0 = tan-  ^ 


It!' 


Examples. 

Integrate  the  following  dififerential  equations. 

1.  {a y)  xdy-r(h  — x^ydx=z0. 

Ans.  log  y^  x^  y — x = h. 

2.  xy  (a2  x‘^')  dy  — (&^4-  y’^')  dx  = 0. 

Aws.  (62  + 2/2)"^  (a2  + ic2)  = C a;2. 

3.  Sin  6 cos  cfi  dO  — cos  6 sin  d </>  = 0. 

Aws.  Cos  (^  = Z;  cos  ft 
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4.  Cot  X cosec^  y + cot  y cosec^  x dx  = 0, 

Ans,  Cot  X cot  y = h, 

5.  (x  ^ y)  d X X d y = 0. 

_ y 

Ans,  X ==  Ice 


6.  (y  X cos  ^dy  + y cos  ^ dx  0, 

X 

Ans.  y = he 

7.  (Sir  — 72/+7)(^i/  + (7cc  — 3^  + 3)(^a7  = 0. 

Ans.  {x  — y + ^ ^ — 1)^  = 


8.  < (1  - <2^  ^ + (2  <2  - 1)  s = 72 

(aj  V 


9. 


10. 


Ans.  s = w^  + Z:<V(l  — fy 
d V 

+ y cos  0 = sin  0 cos  6. 
d 6 

Ans.  y = sm  0 + h e-  ^ — 1. 

dy  ^ y _ tan-  ^ 0 

d'e  r+l2  = 1 + (92  • 

Ans.  y = tan-  ^ 6 + he-  ^ ^ — 1, 
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Art.  61.— Solution  of  Linear  Equations  with  Constant 
Coefficients  when  the  second  member  is  0. 


There  are  n different  values  of  y which  satisfy  the 
equation 


d^y 

d 


+ a 


d^-'^  y 
dx^'~^ 


dx^-^ 


py  = 0,  . (a) 


in  which  a,  6,  ....  jp  are  constants ; and  if  y^,  y^^  • • • • yn 
represent  the  n different  values  of  i/,  then  the  complete  value 
of  2/  is 

y = Kyi  + Ky‘2.  • • • • he yn, 

that  is,  the  complete  value  of  y which  satisfies  the  equation 
is  the  sum  of  the  n distinct  values  of  y,  each  multiplied  by 
an  arbitrary  constant. 

Eule  for  solving  a differential  equation  with  constant 
coefficients  when  the  right-hand  member  is  0. 

Form  the  auxiliary  equation  by  assuming  y =.  it  e^^.  Dif- 
ferentiate this  n times,  and  substitute  in  equation  (a)  for 
example ; and  we  have 


Tc  e^^  { -p  a a’®  “ ^ "*  2 . . . . jp}  = 0, 


and  on  rejecting  the  common  factor  h we  have 

a.^  -f  a 1 -f  & “ 2 ^ ^ ^ . p = 0, 

the  auxiliary  equation. 

Let  ^2,  r^^  ....  rn  be  the  roots  of  this  equation,  all 
real  and  unequal,  suppose ; then  the  n particular  solutions 


are 


y = Tce'^i^,  y = h ^’*2®  . . . .,  y = 
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and  the  general  solution  is 

?/  = it ® e^2 ® 6^*3 ® , . , . Icne'*'^^. 

Again,  suppose  the  auxiliary  equation  to  have  a pair  of 
imaginary  roots  of  the  form  p ± q — 1 ; then  the  complete 
value  of  y will  contain  a pair  of  terms  of  the  form 
\ e(i>  + 2 V^)»  ^ _ g 

which  may  be  written 

e-  . . (a) 

and  on  expanding, 

g(gV^)a;  and 

md  collecting  the  terms  we  get,  on  substituting  in  (a), 
q e-P®  (cos  g a;  + V — 1 sin  qx)^^^  eP^  (cos  qx  ^ — 1 sin  q x) 

= eP^  {(^1  + ^2)  cosqx  + V — 1 (^1  — ^2)  sin^a?} 

= eP^  { M cos  + N sin 

aere  M = + ^^3  and  N = V — 1 (A^^  — ^^2).  See  page  58. 

Again,  suppose  there  exist  a pair  of  equal  roots  of  the 
ixiliary  equation  = ^3  for  example ; then  the  general 
elution  would  contain  a pair  of  terms  \ + ^^3  which 

may  be  written  (Tc^  + ^^3)  e’*!  ® ; but  this  would  reduce  the  n 
constants  to  n — 1 ; therefore  in  order  to  get  the  general 
solution  we  assume  the  two  roots  to  differ  by  a finite  small 
quantity  c,  and  find  the  result  as  c approaches  0. 

Thus 

+ h2  eC’*!  +0=®  = e'^i^  + ^^36^*) 

(cx^' 

= e'^i^  + h + + &c.), 

and  if  we  neglect  the  terms  involving  and  higher  powers 
it  becomes 

e’*!®  (M  + N a;), 

where  M = + ^3,  and  N = ^3  c. 
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• In  like  manner  it  may  be  shown  that  if  n roots  are  each 
equal  to  the  solution  is 

qYix  _j«  ^ Q^2  ^ ^ ^ ^ V ^). 

(192.)  To  solve  ^ - 10^  + 16  2/  = 0. 

(Xi  QC  0/  OC 

Here  the  auxiliary  equation  is 

a2-  10  a + 16  = 0, 


the  roots  of  which  are  8 and  2 ; therefore  the  complete 
solution  is 


y =z 


the  two  particular  solutions  being 

yz=h^e^^  and  y = hoe^\ 

(1 93.)  To  solve 

Here  the  auxiliary  equation  is 

— 6 a + 13  = 0, 


the  roots  of  which  are  3 + 2 V — 1 and  3 — 2 V — 1 ; there- 
fore the  complete  solution  is 

y =r  e'saj  cos  2 0?  + ^2  2 x). 


(194.)  To  solve  the  equation 

dx^  dx^  dx^  dx^ 


+4- 

dx 


= 0. 


Here  the  auxiliary  equation  is 

~ 4a^  + 10  - 12  a2  + 5 a = 0, 


the  roots  of  which  are  0,  1,  1,  1 — 2 V — 1,  and  1 + 2 V — 1 ; 
therefore  the  complete  solution  is 

y = Jc^  + e®  (Tc^  + ^3  ir)  + e®  (h^  cos  2 x + h^sm2  x). 

(195)  To  solve 
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Here  the  auxiliary  equation  is 

= 0,  a = ±aV~l; 

therefore 

y = cos  ax  -i-  Ic^  sin  a a?, 

or 

y = K sin  (a  a?  + 0 



where  ¥.  = ^ = teiJi'-  ^ 


y 

Art.  62. — The  equations 


+ ?/  = sin  h X and 


d?  y 

2/  = cos  h X,  whose  right  hand  members  are  not  0, 
a X 

may  be  reduced  to  those  whose  right-hand  members  are  0,  by 
differentiating  and  eliminating  the  sine  or  cosine  function. 

^2  y 

Given  -f  ?/  = sin  h a?,  on  differentiating  twice  we 


nave 


d^ 

dx 


d^y 


and  from  the  given  equation,  by  substituting  for  sin  h x,  we 
get 

Forming  the  auxiliary  equation,  we  have 
-|-  (a^  + a + = 0; 

therefore 

a=+aV—  1 or  a=±6V—l4 


Hence  the  complete  solution  is 

(-& 


y=Jc,  V-l)»  ^ ^(-  a V-  l)»  ^(6  l)» 


+ Ic^  e 
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which  reduces  to  ^ 

1/  z=  cos  ax  (h^  — V — 1 sin  a x 

+ (k2,  + ^4)  cos  6 a;  + (A-g  — A-^)  V — 1 sin  b x, 


or 


^ = M cos  a a:  + N sin  a a;  + cos  6 a;  + sin  h x, 

where  M = + ^2>  N = (Zc^  — h^')  V — 1,  = Jc^  Jc^ 

and  Ni  = (A^g  — Jc^')  V — 1. 


X.  fl-„  = 0. 


Examples. 
Ans.  y = h 


} 


dy 


2.  ^+hy=0.  Ans.  y = ke-^<‘. 


^ + 4 2/  = 0.  Ans.  y = he-^’‘  + e- ‘ 


<^^2/  , c <^2/ 


^ dx  ^ ^ ~ 2^  = ® * (^  + ^1 


S+4!+'=*»='>- 


J.WS.  2/  = e-  3 a;  COS  2 X sin  2 aj} . 


J.WS.  2/  = 6“  ® (A;  + A:^  a;  + ^2  a;^). 


7 ^+4^^4.6— ^4-4^4-tf-O 

(2a;^+  <2a:2+^^^+y-y- 


Ans.  2/  = ^ + ^2  + ^3 


r,  ^^2/  I O . 2 TTX 

^2+^2/-  sm  ^ . 


J.n5.  2/  = ^ cos  V 3 a;  + A;^  sin  >s/3  a?  + Aj2 


27r  a? 


cos 


I y . 2 TT  X 

+ Tc  3Sin  — -. 
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if' 
■ fl 


Arts,  y = h cos  2 x + \^in2x  Tc^  cos 


\ 


+ ^3  sin 


2ttx 


2tt  X 

~T‘ 


when  / = 0 . 

• («) 

» f =n  . . . . 

• w 

„ f<n  . . . . 

• (0 

and  „ f>n.  . . . 

. (d) 

X = h sin nt  -\-\ cos nt  , 

• («) 

X = (h  

. (&) 

X = A e-f*  (h  cos  ^ i + ^1  sin  <)  . 

. (o) 

rfi  - f\ 

X = (h  , 

• (d) 

Aaere  g =/</ — rfi. 


d^y 

dx^ 


'dx-^ 


I-  ^ + 2tt|-9^  + 62I  = 0. 


dx 


Ans,  y =z  (h  ^h^x)  •\-  it^  e- 
+ A sin  Vs  aj  + B cos  V 3 a?. 


P 
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CHAPTEE  XXIII. 


SYMBOLICAL  METHODS  OP  SOLVING 
LINEAR  DIFFERENTIAL  EQUATIONS. 


Art.  63.^ — In  the  equation  ^ + a ?/  = 0,  if  we  write  6 foil 

dj  X I 


d 


-j—  it  becomes  Oy  ay  = 0,  which  may  be  written  thu  s ; 
ax  { 


(6  + a')  y = 0,  {0  + a)  denoting  an  operation  which  is  to  be 
performed  on  the  function  y. 


d^  xf  d if  » 

Similarly,  the  equation  + (ct  + h)  ^ + ah y = 0 njiay 


be  written  {6^^  (a  h)  0 + ah}  y = 0,  or  thus : 

(6  + a)  (6  + h)y  =r  0, 


in  which  0 may  be  treated  as  an  algebraic  symbol  meaning 
to  dififerentiate  thus : 

rdy 


(9  + a)((>  + 6)j,  = («  + a)(^  + t,) 


d d y , ^ d y , dy  , 

-y-  --^  + b~:r^  +a^  + aby 
dx  dx  dx  dx 


d^y 


dy 


— + ^)  j:;  + 


dx 


6y  indicates  that  the  function  y is  to  be  differentiate^  i 
once ; y indicates  that  y is  to  be  differentiated  twice,  &!  y* 
dy^  6‘^y  are  said  to  be  direct  operations  on  the  function  y. 
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If  we  consider  the  equation  (0  + a)  ?/  = 0,  in  which  y is 
supposed  to  be  known,  we  can  determine  the  direct  operation 
indicated  by  {6  + by  differentiating.  But  the  inverse 
problem  arises,  in  which  it  is  required  to  find  ?/,  so  that  the 
result  of  the  operation  on  it  denoted  by  (^  + a)  may  give 
the  value  cipher.  If  (0  + a)  y = 0,  then  y = (^  + a)-  ^ 0 ; 

+ denoting  the  inverse  operation  which  performed 
on  0 will  give  y. 

Since  the  direct  operation  means  differentiation,  it  follows 
that  the  inverse  operation  means  integration;  therefore 
6~'^  y means  to  integrate  y once,  6~‘^y  means  to  integrate  y 
twice,  &c. 

d V 

Art.  64. — Solution  of  ^ + a^  = 0.  Writing  this 

equation  in  the  form  ^ = (0  + a)“  ^ 0,  we  know  by  Art.  60 
:hat  y = K where  K is  a constant. 

The  student  should  remember  that  the  result  of  the 
inverse  operation  {6  + a)- ^ 0 is  where  K is  an  arbi- 

a'ary  constant.  Also,  if  a be  a function  of  x, 

+ f ad  X, 


Again,  if  ^ + A ?/  = B,  or  thus,  ?/  = (0  + A)-  i B. 

Ct  X 

where  A and  B are  constants  or  functions  of  x.  See 
Art.  60.  ' 

Art.  65.— Solution  of  ^ + (a  4-  6)  + a 5 «/  = X, 

(aj  X d X 

where  a and  h are  constants,  and  X a function  of  x. 
Substituting  6 for  ~ the  equation  becomes 

(X  X 

(e  + a)  (6 +b)y  = X, 

■ hat  is. 


y = (o-rar^{e  + h')-^x, 


V 


o 
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and  treating  (0  + a)-i  (0 + h)-^  as  a mere  algebraic 
expression,  by  the  method  of  partial  fractions,  we  have  ^ 


therefore 


Hence 


(e  + a)  ^io  + h)  ' - 

«= — ^ — g-ax  ef^^'Kd  X -\-h\ 
0 — a > 

_ e- 6*  I X d a:  + fci} 


'dx 


.-143^  + 13y  = 0. 


by  Art.  60. 

(196.)  To  solve 

dx^ 

Here  we  have 

(6-13)  (6-1)2/  = 0; 

therefore 

i/  = (6>-13)-i(<^“l)"'^» 


and  by  partial  fractions 


by  Art.  60. 

(197.)  Solution  of 


d^y  , „dy  , 

^ + 1 + 12 1/  = sin  a;. 

dx 


Here  we  have 


(0^  + 1 6 + 12)  y = sin  a?, 


i 
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or 

y =1  (6  + 3)-  ^ (0  + 4)“  1 sin  x, 
and  by  partial  fractions 

= (^  + 3)-i-(0  + 4)-i; 

therefore 

y = (0  3)“  ^ sin  as  — (^  + 4)“  ^ sin  x 

3 sin  a;  — cos  a;  , , „ ^ 4 sin  a:  — cos  a; 

10  17  ^ ^ 

See  examples  139  and  191. 

(198.)  Solution  of 

, 2 


Here 


2/  = (02  _|_  ^2^-  1 QQg  ^ 

= \=.\(6  -as/—  1)-1  cosiu  - ((9  + a l)-^cosirl 

2 a V — 1 i ^ 

= ^ ^ j~ga  jbV  - 1 Q-axs/  -I  QQg  cc  cc 

— ^ ^ - - j^g-aa;V-l|J^gaa;V-l  Qo^xdx  +^i|^  » &C. 


(199.)  Suppose  we  require  the  result  of  the  operation 

a + 'b0-\-c&^  + d0^  + e0‘^  , , 

a'  + &'  6»  + c'  -{■  d' 6^  + e'  ff-  ^ 


Now  0 means,  differentiate  sin  h t once ; means,  dif- 
ferentiate sin  h t twuce,  &c. ; therefore 


0 sin  ht  = h cos  Tc  t, 
sin  ht=  — Ic^  sin  Jc  t, 

0^  sin  ht=:  — ^ P sin  7c  t = — Tc^  cos  Tc  t, 
6^  sin  let  = Ic^  sin  Tc  t, 
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therefore  it  will  be  seen  that  the  expression  reduces  to 


(a  - c + e ¥)  + (h-d¥)6 
c'  ¥ 4-  e'  ¥)  + (h'  - ¥ d’)  6 

Oi  ^ 0 


(« 


sin  h t 


where 


CL  6 


sin  h t 


a = a — c + e 
a'  = a'  - c'  + e'  h\ 


p = b--dh^. 

^'  = 6'  - d'  h\ 


Again, 


(a  + /?  0)  sin  let  = a sin  Jc  t + fS  Jc  cos  h t 
= V hy  sin  (Jc  t + oy 


B h 

where  tan  0 = — . 

a 

This  is  the  effect  of  the  direct  operation.  The  inverse 
operation 

(a'  + ^ 6)-'^sinkt=  +~(^'ky  “ ^)  + 


B'  ^ 

where  tan  = — - and  c is  a constant ; therefore  the  com- 

plete result  of  the  above  operation  on  sin  k t is 


V {ay  + (B’ky 


sin  {kt-{-6~~<ji}-{-ce  • 


-a't 

ce  is  said  to  be  the  evanescent  term  where  t stands 
for  time,  since  its  value  diminishes  as  time  increases. 

For  the  working  out  of  the  inverse  operation  see  examples 
197  and  139. 

Let  us  notice  the  effect  of  the  operation  denoted  by  0 
upon  sin  2 ttw  where  n = 100,  tt  = 3 • 14,  say. 

Now 
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that  is,  the  effect  of  6 upon  the  sine  function  sin  628  < is  to 
multipl 
period. 


multiply  it  by  628,  and  alter  its  phase  by  - , or  one  quarter 

Ji 


Examples. 

Solve  by  the  symbolical  method  the  following  examples. 

1. 


-3^ 

d x‘^ 

d X 

d^ 

_ 4^ 

dx^^ 

dx 

Ans.  y : 

d^y 

-2^ 

dx‘^ 

dx 

4. 


6. 


Ans.  y = cos  3 x + k'  sin  3 x. 

y = 0,  Ans.  y = {k  + k!  x'). 


^ , oil 

dx^  dx^'^  dx 

Ans.  y = (k 

dx^  dx‘^  dx 

Ans.  y — k e- ^ (Jd  k’' x), 

Ans.  y = (h  h'  x')  cos  ax  (^"  + x)  sin  a x. 
d^y 


+ 2a‘^^,  + a*y  = 0. 


7.  4-  a'^y  = cos  a x, 
dx^  ^ 

Ans.  y = h cos  ax 

8. 

dx^  dx 


sin  a X. 


Ans.  y = (^  + A;'  a;) 

(a  — IJ 
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CHAPTER  XXIV. 

APPLICATION  OF  THE  CALCULUS  TO  SOME 
MECHANICAL  PROBLEMS. 


(200.)  To  find  the  law  connecting  the  tension  and 
angle  of  lapping  of  a belt  on  a pulley. 

Let  0 be  the  centre  of  the  pulley,  A 0 B the  angle  of 
lapping  of  the  belt  on  the  pulley,  a,  the  tension  of  the 
belt  at  A,  and  T the  tension  at  B,  T > T^. 


Consider  a very  short  portion  of  the  belt  between  A and  B. 
Let  the  tension  at  one  end  of  it  be  t,  then  the  tension  at  the 

other  end  of  it  will  be  ^ ^ 

Let  R denote  the  reaction  of 
the  pulley.  These  three  forces 
keep  the  small  portion  of  the 
Fia.  38.  belt  in  equilibrium,  therefore 

they  are  proportional  to  the 
three  sides  of  a triangle.  Draw  the  triangle  of  forces.  We 
have  the  angle  between  the  two  forces  t and  t + dt  equal  to 
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the  angle  between  the  two  radii  at  the  extremities  of  the 
small  portion  under  consideration.  Denote  this  angle  by  d a 
and  we  have 

It  — t 3j  oc. 

But  the  friction  is  = /x,  E,  where  /x,  is  the  coefficient  of  friction 
between  the  belt  and  the  pulley ; that  is,  dt  = /x,  E = /x  ^ d a. 
Therefore 

dt  _ 

— = fjL  a a, 
t 

Integrating,  we  have 

log  t = fJi  a 

Now  a = 0 where  t = T^. 

log  Ti  = h 

log  ^ = /X  a -1-  log  T^. 


That  is, 

i«g  ^ = /A  “i 

or 

— =6^“ 

Therefore 

t = Ti  6^*“ 

This  gives  the  tension  at  any  point  when  T^,  /x,  and  a 
are  given,  when  the  belt  is  about  to  slip. 

(201.)  To  find  the  law  for  the  thickness  of  a long 
pump-rod  of  uniform  strength. 

Let  a denote  its  cross-section  in  square  inches  at  any 
point,  / its  safe  stress ; therefore  its  safe  load 

w = a f (1) 

At  a height  d Ji  above  this  point  the  load  is  w + acdh  where 
c is  the  weight  of  a cubic  inch  of  the  material  of  the  rod ; 
therefore,  for  uniform  strength  we  must  have 

w-\-acd'h=f(a-\-  da)  . . . (2) 
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Subtracting  (1)  from  (2)  we  have 
a cdh  = f d a, 

that  is, 

da  c , , 
— = -dJi. 
a f 

Integrating,  we  get 


loga^jh  + Q. 


Where  li  = 0,  that  is,  at  the  lower  end  of  the  rod,  let 
a = Uq. 


C = log  tto- 


^ a ch 


^0  / 
c h 


n J 


a — 6 


This  law  determines  the  cross-section  at  any  height  h 
above  its  lowei  id. 

Suppose  ^0  = *8,  c = *28,  ^ = 300,  and  / = 1000. 
a = -8  (2-718)*084. 

log  a = 1 * 9031  + • 084  x * 4343 
= 1*9369. 
a = *8702  sq.  inch. 

(202.)  To  find  the  shape  and  deflection  of  a semi- 
girder  of  uniform  section  loaded  at  its  extremity. 


X 


Fig.  39. 


Let  I denote  the  length  of  the  beam  in  inches,  W the  load! 
in  lbs.  at  its  extremity,  0 the  origin,  0 X the  axis  of  X,  and| 
0 Y the  axis  of  Y. 
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At  a distance  x from  the  end,  the  bending  moment  M, 
produced  by  W,  is 

M = (Z-ir)W; 

but  the  bending  moment  at  a section  is 


where  E is  the  modulus  of  elasticity  of  the  material  of  the 
beam,  I the  moment  of  inertia  of  the  section  about  a hori- 
zontal line  through  its  centre  of  area,  and  K is  the  radius  of 
curvature  of  the  girder  at  the  section. 

By  Art.  32 


and  since,  in  the  case  of  beams,  ^ is  so  small  that  we  may 

ax 

neglect  it,  therefore  we  have 


therefore 


1 = 

K d x^ ' 


On  integrating  this  differential  equation  once,  we  have 

E I =z  (lx  — + constant. 
dx  \ 2/ 

Now  -^  = 0 where  x = 0,  therefore  the  constant  = 0 : 
dx  ^ 

therefore  we  have 


e4- 

dx 


27 


W, 


which  gives  the  slope  of  the  girder  for  a given  value  of  x. 
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Integrate  again,  and  we  have 


No  constant  is  added,  since  y = 0 when  a;  = 0. 


/I  W 

VT  “ ~Q)Wi' 


This  gives  the  deflection  y for  any  given  value  of  x.  The 
value  of  y is  greatest  where  x = I,  therefore  greatest  deflec- 
tion 


WP 


A = 


3EI‘ 


(203.)  To  find  the  shape  and  defiection  of  a semi- 
girder  of  uniform  section  loaded  uniformly  with  a 
load  of  w lb.  per  foot  run. 

Let  I denote  the  length  of  the  semi-girder  in  feet,  the 
axis  of  X and  Y,  as  in  the  preceding  example. 


Y 


Fig.  40. 


The  bending  moment  at  a distance  Z — a?  from  its  ex- 
tremity is 


M.  = w(l-x)  ^ 
z 


for  the  weight  w {]>  — x^  acts  as  if  it  were  collected  at  a dis- 
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Integrating,  we  have 


d ti 

No  constant  is  added,  since  ^ — = 0,  where  a?  = 0.  This 


of  X,  Integrate  again,  and  we  have 


Here,  again,  no  constant  m added,  since  y = 0 where  x = 0. 
This  equation  gives  the  deflection  for  a given  value  of  x. 
The  greatest  deflection,  A,  is  where  x = L 


vj  W 


***  ^ 8 El  8 El 


where  W = wl  the  total  load. 

To  get  A in  inches  we  must  take  I in  inches,  and  the  unit 
of  length  must  be  one  inch  in  calculating  I. 

(204.)  To  find  the  shape  and  defiection  of  a girder 
of  uniform  section  loaded  at  its  centre  and  supported 
&,t  its  ends. 

Let  Z denote  the  distance  between  the  two  supports,  W 
the  load  at  the  centre.  Suppose  one  half  of  this  girder  to 


Y 


W 


Fig.  41. 


become  embedded  in  a wall,  then  the  shape  of  the  beam 
will  be  unaltered,  and  the  problem  reduces  to  202;  but 
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instead  of  W we  have  — , and  instead  of  I we  have  - ; there- 
fore  the  equation  of  the  deflection  curve  is 


where  y is  the  height  above  and  x the  distance  from  the 
centre  of  the  beam. 

The  greatest  deflection  is  equal  to  the  greatest  value  of 
2/,  that  is,  where  x = 


A = 


W P 

48  El’ 


(205.)  To  find  the  shape  and  the  deflection  of  a 
girder  of  uniform  section  supported  at  its  ends  and 
loaded  uniformly. 

Let  Z denote  the  length  of  the  girder  in  feet,  lo  the  load 
per  foot  run.  Taking  the  middle  point  0 as  origin,  the 


X 


horizontal  line  through  0 as  the  axis  of  X,  and  the  vertical 
line  through  0 as  the  axis  of  Y,  we  have  the  bending  moment 
at  a distance  x from  the  origin. 


wl  fl 

a 

/p 

2 \2 

: / 

2 ' 

j 2' 

therefore 


d?  y w fP 
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Integrating,  we  have 


w/Px  x^\ 

^^Tx  = 2\-T'--3r 


/P  X 

\~4"  " “3/* 


0 constant  is  added,  since  = 0 where  x = 0, 
a X 


Integrate  again ; therefore 


)• 


There  is  no  constant  added,  since  y = 0 when  a?  = 0. 

The  deflection  is  equal  to  the  greatest  value  of  y ; that  is. 


where  a;  z=  - ; therefore 

2i 


(206.)  To  find  the  shape  and  defiection  of  a girder 
of  uniform  section  fixed  at  its  ends  and  loaded  at  its 
centre. 

Let  I denote  the  length  of  the  girder  in  feet,  W the  load 
at  its  centre  in  lbs. 


V 


Fig.  43. 


Taking  the  middle  point  0 as  origin  and  axis,  as  in  the 
preceding  example,  we  have  the  bending  moment  at  a 
distance  x from  the  centre. 


(«) 
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where  M'  is  the  bending  moment  due  to  the  stresses  in  the  , 
girder  at  its  intersection  with  the  wall.  Therefore 


Integrating,  we  have 


There  is  no  constant  to  be  added,  since  ^ = 0 wher^ 

ax  f 


X = 0, 


dy 


We  have  also  ^ = 0 where  a?  = -,  and  this  give^ 
dx  2 ° 


W = 


Wl 


8 


The  bending  moment  at  the  centre  is  got  from  (a)  by 
W I 

substituting  0 for  x,  and  for  M' ; therefore 

o 


,,  Wl  Wl  Wl 

“ = T--r  = T- 


Integrating  (6),  we  have 

W/lx^  x^'\ 


, . T \y  / 1 x^\ 

w Ei!'  = T(T-r)- 


WZa5^ 


16 


The  constant  is  0,  since  y = 0 where  x = 0. 


The  greatest  deflection  is  got  by  siibstituting  - for  x in* 

2 ii 


equation  (c) ; therefore 


A = 


WP 


192  EI‘ 


The  points  of  inflection  may  be  found  from  (a)  byj 
substituting  0 for  M ; thi. 

w/z  \ wz 


't 
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I 

that  is,  the  middle  segment  is  one-half  the  length  of  the 
girder. 

(207.)  To  find  the  shape  and  the  deflection  of  a 
girder  of  uniform  section  fixed  at  its  extremities 
and  loaded  uniformly. 


Let  Z denote  the  length  of  the  girder  in  feet,  w the  load 
per  foot  run,  the  axes  as  in  the  preceding  example.  The 
bendiug  moment  at  a distance  x from  the  middle  is 

Wlfl*  \ W fl  Y TIT/  / ^ 


where  is  the  bending  moment  due  to  the  stresses  in  the 
girder  at  its  intersection  with  the  wall ; therefore 


y w/P  \ 


Integrating,  we  have 

w fP  X x^\ 

= o(-T-  - M'a;.  . 

d X 2 \ 4 3 / 

d y 

The  constant  being  0,  since  ~ = 0 where  a?  = 0. 

CL  X 


Q>) 


e) 


Again,  where 


Z dy 


^ = IS’  = 
2 dx 


0, 


Q 
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W Z , 

M = — wnere  W = loL 


Substituting  in  (c)  for  M'  we  have,  on  integrating, 
^ _ w x^\  W I 

= At  - r2)  - 


the  constant  being  0,  since  y = 0 where  x = 0, 

The  greatest  deflection  is  got  from  this  equation  b^ 

substituting  ^ for  x. 

Hence 

WZ3 


A = 


384  E 1’ 


The  bending  moment  Me  at  the  centre  is  got  from  {a)  by> 
WZ 


substituting  0 for  x and  for  M' ; that  is, 
\Z 


Me 


w I I w / 1 

= T ^ 2 “ 2 ^ (2) 


'm 

12’ 


That  is,  the  bending  moment  at  the  centre  is  half  that  g 
the  intersection  of  the  beam  with  the  wall,  or  the  beam  s 
twice  as  ready  to  break  at  its  intersection  with  the  wall  as  t 
its  centre. 

The  points  of  inflection  may  be  found  from  (a)  by  maki 
M = 0.  Therefore 

wP 


- = — 
2 \4  / 12 


Hence  x = ± • 288  I ; therefore  the  middle  segm 
= -676  1. 

(208.)  To  investigate  the  rule  for  the  strength  cf 
a thick  cylindrih  pipe. 
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Let  Fig.  45  denote  a section  of  a thick  cylindric  pipe 
whose  interoal  and  external  radii  are  r and  E respectively, 
and  let  the  internal  pressure  he  p'  lbs.  per  square  inch  and 
the  external  pressure  q lbs.  per 
square  inch,  which  may  be 
neglected,  the  safe  tensile 
stress  of  the  material  f\ 

Consider  a thin  cylindric 
coaxial  shell  of  the  pipe  of 
radius  x and  thickness  d x,  and 
let  the  internal  pressure  on 
tnis  shell  be  p lb.  per  square 
mch,  and  the  external  pressure 
+ dp  \h.  per  square  inch. 

The  former  pressure  tends 
to  burst  the  shell  and  the  latter  tends  to  crush  it.  Denoting 
the  tensile  stress  in  this  shell  by  /,  we  have 

2 p a;  — 2 (jp  + dp)  (x  dx)  = 2 fdx. 


tnd  neglecting  the  diifferential  of  the  second  order,  we  have 
(f  + p)  d X x dp  = 0,  . . . (a) 

Again,  assuming  that  a plane  section,  before  the  pressure 
acts,  remains  a plane  section  under  pressure,  we  have 

p — / = c,  a constant ; 


t .erefore  f = p — c.  Substituting  for  / in  equation  (a),  we 
r-t 

(2p  — c)  dx  xdp  = 0, 

^ .at  is, 


d x 


+ 


dp 


= 0. 


2p  — c 

Integrating,  we  have 

log  ir  + 4 log  (2p  — c)  = constant; 


2 log  X 4-  log  (2p  — c)  = constant. 

Q 2 


.tnorefore 
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Hence  (2  p — c)  = 2 A where  A is  a constant : 

A c 

*’•  = + . 

This  law  shows  how  the  pressure  diminishes  as  x increases) 
Where  x = r,  p = p\  and  neglecting  the  external  pressure^ 
where  a?  = E,  jp  = 0 ; therefore 


^ A c ^ , A e 
0 = H — , and  n = — -I — . 
E2  ^ 2’  ^ r2  ^ 2 


Henoe 


. p n 


__  _ p r 


K2  - r^' 


But /'  = p'  — c;  therefore 
/'=P'  + 

Therefore 


2 p' 

K2  - r 


or  thus 


/'  E2  + . 

p'  E2  - j-2  ’ 

5 ^ , /l+z 

r Wf^p^* 

(209.)  To  find  the  moment  of 
inertia  of  a rectangle  about  a line, 
parallel  to  one  of  its  sides,  pass- 
ing through  its  centre  of  area. 

The  moment  of  inertia  of  an  area 
about  a line  is  the  sum  of  each  element 
of  the  area  multiplied  by  the  square 
of  its  distance  from  the  line. 

Let  A B C D (Fig.  46)  be  a rec- 
tangle, L M a line  through  its  centre 
parallel  to  A B. 

Let  A B = 6 and  B C = d. 

Suppose  the  area  split  up  into  an  indefinite  number  of 
^ps,  parallel  to  A B,  whose  breadth  is  d a? ; then  an  element 
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of  area  is  hdx.  The  moment  of  inertia  of  this  element  about 
L M is  hdx  where  x is  its  distance  from  L M ; therefore 
the  moment  of  inertia  I,  of  the  rectangle  about  L M,  is 


(210.)  To  find  the  moment  of  inertia  of  a circle 
about  its  centre,  and  also  about  a diameter. 

Let  Fig.  47  represent  a circle 
whose  radius  is  r and  whose 
centre  is  at  the  origin. 

Suppose  the  area  split  up 
into  an  indefinite  number  of 
concentric  strips,  the  breadth  of 
each  being  d x,  and  let  the  radius 
of  one  of  these  strips  be  x,  then 
its  area  is  2 irxdx,  and  its  mo- 
ment of  inertia  about  the  centre 
is  2 TT  x^ dx  I therefore  the  mo- 
ment of  inertia  of  the  whole 
circle  about  its  centre  is 


Fig.  47. 


= 2 ttJ^  cf  ic  = 2 tt  . 


1 = 


7rr 


= X 


- = AF 


where  A is  its  area,  and  h is  the  radius  of  gyration  which  is 
r 

'J2 

The  moment  of  inertia  of  the  circle  about  a diameter  is 
half  its  moment  of  inertia  about  its  centre,  since 

+ 2/^ 
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where  r is  the  distance  of  any  element  of  area  a from  the  ; 
origin,  j 

Now 

a = a a * 

:Sar2  = 

that  is,  Tc  about  centre  is  equal  to  la?  about  axis  of  X plus* 
\y  about  axis  of  Y ; but  it  is  evident  that 


• * • la;  — 2 • 


1.  - — - 


TT 


where  d is  the  diameter.  ■ 

(211.)  To  find  the  moment  of  inertia  of  a cylinder 
about  its  axis. 

The  moment  of  inertia  of  a mass  about  any  line  is  the . 
sum  of  all  such  terms  as  each  little  element  of  mass  multiplied  i 
by  the  square  of  its  distance  from  the  line.  Let  I denote  the 
length  of  the  cylinder,  r the  radius  of  its  end,  p its  density^  i 
I 

therefore  its  mass  is , and  since  by  210  the  radius 


gyration  is  it  follows  that 


TT  I p 

I = TT  = mass  X -jr . 

^2  2 


(212.)  To  find  the  moment  of  inertia  of  a spher^ 
of  mass,  M,  about  its  centre,  and  also  about  gj 
diameter. 

Let  r denote  the  radius  of  the  sphere,  and  suppose 
divided  up  into  an  indefinite  number  of  concentric  shells  i I 
thickness  d x»  Let  the  radius  of  any  one  of  these  shells  be  ' 
its  mass  is  therefore 

4 TT  px^  dx 


9 
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I and  its  moment  of  inertia  about  the  centre  is 

4:7rpx^dx 

g ’ 

therefore  the  moment  of  inertia  of  the  sphere  about  its 
centre  is 

4:7rp  ^ 4 7rr^p 

i Ic  = X*  dx  = X 7 , 

g J 0 g ^ 


that  is, 


4 irr^p  3 ^ tit  « 

Ic  = ^ X -F-  = 7 M »*  • 

3 ^ 5 5 


The  moment  of  inertia,  1^,  of  a sphere  about  a diameter  is 
two- thirds  of  its  moment  of  inertia  about  its  centre. 

For 

and 

2 wi  + 2 m 2^2  -1-  2 m 2;^  ==  'Zmr^ 
where  m is  an  element  of  mass ; therefore 
2 wi  a;^  + 2 ^ 2 

o 

that  is,  the  moment  of  inertia  about  the  axis  of  Z is  | of  T«» 


k 
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CHAPTEE  XXY. 

APPLICATION  OF  THE  CALCULUS  TO  SOME 
ELECTRICAL  PROBLEMS. 

(213.)  To  find  the  law  for 
the  discharge  of  a condenser 
through  a resistance  with  no 
self-induction. 

Let  K denote  the  capacity  of 
the  condenser,  V its  potential,  B 
the  resistance  in  the  circuit,  and 
Q the  quantity  of  electricity ; 
then 

Q = KV,  and  C = 

Xi 

and  since  tlie  cutrent  diminishes  as  time  increases,  we  have 
dt  df  ~ E’ 

therefore 

^ 

V ~ K'E’ 

and  on  integrating  we  have 

logV=-,A 


Fig.  48. 


where  X:  is  a constant. 

Let  Y = Vq  when  < = 0 ; therefore 

I = log  Yo- 
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or 


V = Voe 


(a) 


If  we  want  to  find  the  resistance,  E,  we  have 


or 


2-302Klogio^ 


• . 


(a)  gives  the  voltage  at  any  time,  f,  when  Vq,  E and  K 
are  given.  (J3)  gives  the  resistance  when  f,  K V and  Vq  are 


given. 


(214.)  To  find  the  law  for  the  growth  of  a current 
in  a circuit  when  the  voltage  suddenly  changes  from 
zero  to  V,  taking  into  account  the  self-induction  in 
the  circuit. 

Let  E denote  the  resistance  in  the  circuit,  L the  self- 
induction,  C the  current,  and  t the  time  in  seconds.  Then 


V = EC  + L^ 
a t 


This  equation  may  be  written  thus 


dG  Iddt 


and  on  integrating  we  have 


where  & is  a constant. 
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Let  C = 0 when  < = 0 ; therefore 


* = log 


Hence 


or 


,„g(Y-c)-iog|  = - 

, /,  EC\  E< 

.logU--y-j= 


nt 

L ’ 


therefore 


therefore 


, EC 

R t 

= e it; 

^ V/ 

R t\ 

— e r ): 

Helmholtz’s  equation. 

This  law  will  give  the  current  at  any  time,  t seconds 
after  the  voltage  suddenly  changes  from  zero  to  V. 

If  < = Qc  the  law  becomes 


C = ^ Ohm’s  law, 
K 


R t 


since  e ^ = 0 when  t = cc, 

(215.)  To  destroy  the  effect  of  self-induction  in  a 
circuit  by  the  introduction  of  a condenser  shunt. 

Suppose  we  have  a 

K 


portion  of  a line  A B h 
signal  through,  and  we 
want  the  whole  arrange- 
ment, from  A to  B.  to 
act  as  a mere  resistance. 
Let  V denote  the  poten- 
tial difference  betwetu 


V*. 


A and  B,  E the  resistance  in  the  main  circuit  A B,  L thd 
self-induction.  Let  I be  the  self-induction  and  r the  resisl- 
ance  in  the  condenser  shunt. 


'^=9-.  r' 
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The  total  current 
C = 


combined  resistance 
The  reciprocal  of  the  combined  resistance 

= ^ -r  where  6 = 

=ind  K is  the  capacity  of  the  condenser. 


0 = 


that  is, 


C = 


1 + (r  K + R K)  (9  + (Z  K + L K)  (92  _ , 
K-f  (L  +KrK)^  + (EZK  + LrK)  + l,lKd^ 


This  operation  performed  on  the  voltage  gives  the  current. 


But  we  want  Ohm’s  Law,  viz.  C = 


y 

E 


We  want  no  self- 


iuduction  or  capacity  effects,  therefore  the  coefficient  of  V 

must  be  equal  to  ^ . 

E 

Equate  i and  the  coefficient,  therefore 
E 

1 _ 1 + K (r  + E)  (9  + K (Z  + L)  (92 

E “ E + (L  + ErK)(9  + K(EZ  + rL)62 

Clearing  of  fractions  and  equating  the  coefficients  of  like 
powers  of  we  have 

EK(r  + E)  = L+ErK,  ...  (a) 

EK(Z  + L)  = K(EZ  + Lr),  . . (6) 


and 


LZK  = 0. 


(s) 


Consider  (c)  L and  K are  not  0 ; therefore  Z = 0,  that  is, 
there  must  be  no  self-induction  in  the  condenser  branch. 
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Again,  if  Z = 0,  from  equation  (h)  we  get  K = r,  and  from 
equation  (a)  we  get 


That  is,  the  resistance  in  the  main  branch  must  be  equal  to 
the  resistance  in  the  condenser  branch,  and  the  capacity  of 
the  condenser  must  be  equal  to  the  self-induction  in  the 
main  branch  divided  by  the  square  of  its  resistance. 

Suppose  the  voltage  obeys  the  law 


V = Vo  sin  p t, 

we  have 

l + K(R^-r)0  + K(Z  + L)62  ^ ^ 

^-K  + (L  + EK»-)0  + K(Ri  + »-L)02^.L;K^3  VoSinp* 

{l-j>^(L  + Z)K}  + K(R  + >-)g  „ . , 

- + + {(L  + EEr)  - p^LZK}  6 


m + nO  . 

—7— — — Yq  sin  p i,  say. 

m’  + n'  e ^ ^ ^ 


tan” 


See  Example  199. 


Fig.  50. 

Also, 


(216.)  To  find  the  law  for  the 
discharge  of  a condenser  of  ca- 
pacity K,  through  a resistance  R, 
with  self-induction  in  the  cir- 
cuit. 

Let  V be  the  potential  difference, 
R the  resistance,  L the  self-induction, 
and  C the  current. 

We  have 

• « 

Q = KV, 


Q being  the  quantity  of  electricity. 


PROBLEMS  INVOLVING  THE  CALCULUS, 


237 


Now 


therefore 


dQ  . 

^ “ dt  ^ dt' 


dC  _ d^Y 
dt  ^ ^ dt^  * 


Substituting  in  (a)  we  get 


therefore 


Assume 


v = -ek^-lk!|J, 

dt  dr 


^ + 5^  + A_v  = o . 

^ L ^LK 


V =: 

^ = Tcxe^t, 
a t 


and 


d^Y 

df 


= Icx^e^^l 


therefore  substituting  in  (6)  we  get 


the  auxiliary  equation. 


•**  2L-V\4L5  LK, 


that  is, 


03  = — 


2L 


±\/(in£-nj)'^'  = -“ 


A 

2L’ 


. . (6) 


± ;8  V - 1. 


where 
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If  r be  positive,  the  solution  of  equation  (h)  is  1 

L K 4 ^ j 


therefore 

Y = (A^  cos  yS  < + A2  sin  y8  t).  Art.  61. 

When  < = 0,  let  V = Vq  ; therefore  A^  = Vq. 
When  < = 0,  let  C = 0 ; 
therefore 

aYn 


■if 


A,  = 


V = Vo  e-  a^^cos  )8  < 4-  sin  )8 


i 


that  is 


V = 4 V(a^  + sin  (fit  + 0)  . (1)  ; 


where  tan  0 = - . 


E 


If  = 0 the  solution  is 
2 Ju 


Y = Aj  cos  (3 1 + A2  sin  p t.  V 

Let  Y = Vo  when  < = 0,  and  let  C = 0 when  < = 0 ; T 
Ag  = 0,  and  Ai  = Vq; 


V = Vo  cos  yS  < (2) 


If  the  two  roots  are  equal,  and  the  solution  is 


therefore 

1 E2 

V = (A  + B<) 

t = OletV  = yo  A = Vo, 

< = 01etC  = 0 B = aVo; 

V = Vo(l +a0e-“‘-  . . . (3) 


LK  4L2 
When 


and  when 
therefore 
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If  V and  t in  equation  (1)  be  plotted  on  squared  paper, 
t horizontally  and  V vertically,  we  shall  have  a curve  as 
shown  in  Fig.  51,  which  represents  a damped  vibration  with 
diminishing  amplitude. 


If  V and  t in  equation  (2)  be  plotted  as  in  equation  (1), 
we  shall  have  a curve  as  shown  in  Fig.  52,  which  represents 
an  undamped  vibration  with  un diminishing  amplitude. 

If  V and  t in  equation  (3)  be  similarly  plotted,  we  shall 
have  a curve  as  shown  in  Fig.  53,  which  shows  that  the  con- 
denser is  leaking. 

(217.)  The  sum  of  the  averages  of  the  volts  across 
two  resistances  is  greater  than  the  average  volts 
between  the  two  ends  of  those  resistances. 

Let  V denote  difference  of  potential  between  A and  B 
(Fig.  54),  K the  resistance,  and  L the  coefficient  of  self- 
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induction;  v the  potential  between  B and  F,  r and  I thci 
resistance  and  self-induction  respectively  between  B and  F. 


At  any  instant  the  total  voltage  between  A and  F is 
equal  to 

{B  + ^ "t"  (4^  4"  0 

where  C is  the  current. 

And 

V = (R  + L 0)  0, 

and 

V = {r  + I e)G, 

Let  C = a sin  ^ ; therefore  the  average  current  is 
a 

to  — 

^/2 

Therefore  average 

V = ^ ^w+ipy, 

and  the  average 
Also  the  average 

(V  + 0 = V{(E  + r)2  + (L  + 0"l>^}. 

It  can  be  easily  shown  by  algebra  that 

V{(K  + »-)"  + (L+0"i>"}  < V (emT?P)  + 

therefore  the  sum  of  the  averages  of  the  volts  across  two 
resistances  is  greater  than  the  average  volts  between  the  two 
ends  of  those  resistances. 

(218.)  To  diminish  the  idle  current  in  the  primary 
coil  of  a transformer  Toy  means  of  a condenser  shunt. 


I 
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/r  Let  K denote  the  capacity  of  the  condenser,  c the  current 
>in  the  condenser  branch,  V the  voltage,  0,  L,  and  E the 

V 


UljK 

c 


Fig.  55. 


o 


‘Trent,  self-induction  and  resistance  respectively,  in  the 
imary  coil  of  the  transformer. 

Let  V = a sin  p t. 

Xow 

c = K^V 

ad 

c=  ^ 


at  is. 


R-f  L6»’ 


^l-|-EK(9-f.LK^2 

K + I 

Operating  on  a sin  p t we  get 


ri  , /I  -r  XV  v -t-  n.  »*\ 

^ V R -f  L (9  J « sin  <. 


^ + C 


_ « . /(I  -LKi0^)^-|-R2K^^  . , 

V (pt  + 0-  ^), 

* = •*““  (r^p)'  “■!  '»  = ton-  (^). 

The  amplitude  a /O  ~~  Ti  K )2  -f-  R2  ^ 

V E2  + L2p2 1®  less  than 

if  K is  sufficiently  small,  R being  small,  and  is  a minimum 


B 
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For  given  values  of  L,  p and  E,  if  (C  + c)  and  K bi 
plotted,  we  shall  get  a curve  as  shown  in  the  accompanyina 
figure,  which  shows  how  C + c diminishes  as  K increasesi 


and  when  K = «,  C + <5  is  a minimum.  As  K increases 
beyond  «,  C + c increases  almost  directly  proportional  to 
K-s. 


(219.)  The  Ferranti  Effect.  If  E be  the  voltage  of 
the  generator,  C the  current,  p the  resistance  of  the  lamps,  K 


lamps 

a 


the  capacity  of  the  leads,  acting  as  a condenser,  L the  self- 
induction,  and  E the  resistance,  a being  the  going  lead,  c tj^: 
returning  lead,  and  h a dielectric;  then  the  voltage  V‘ilj 
sometimes  greater  than  E. 


C V 
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Now 


C = -^  + - = V (k  0 + i), 

1 p \ p/ 


and 


E - C (E  + L (9)  = V, 

where  C (K  + L is  the  drop  of  volts  in  the  leads. 

E- v(k6I  + -)(E  + L(9)  = V. 


•.  V = 


E 


+ (R  + Le)(E0  + i)‘ 


This  denominator  must  be  less  than  unity  in  order  to  make 

V greater  than  E. 

R /E  \ 

The  denominator  = 1 + \-  0 (-  + E E ] + L K 

P \P  / 

and  the  effect  of  this  inverse  operation  on  a sine  function 
a sin  pt  is 

V . ^ - sin  (p  t - (9'), 


where 


^(l+?-y-LK)’  + y>(^H-EK) 


O'  = tan" 


1 + 5 _ p2  L K 
p 


If  E = 0, 
V = 

here 


sin  (p  < — 0^) 


B 2 


244  miscellaneous  examples. 

The  effective  voltage,  if  there  is  no  condenser 

and  the  effective  voltage  with  a condenser  effect 

a ——==7 

- ^(i+S_y>LK)”+I.*(^  + EKj 

K may  have  such  a value  as  will  render  the  latter  e Ac- 
tive voltage  greater  than  the  former,  the  condition  being  that 

— > E’*  + when  p = oc  . 


effect,  is  1)0 


IS 


MISCELLANEOUS  EXAMPLES. 


1.  What  is  a differential  coefScient?  Give  illustrations 

from  velocity,  from  slope  of  curves,  &c.  . , ^ c 

2.  Prove  the  rule  for  differentiating  a quotient,  also  foi 


sin  cc,  and  log  x. 

du  du  dy 

3.  Prove  that  ^ ^ 

, . (1  — sin~i  4 

4.  Differentiate  log  (log  a;),  e®®  sin  r x,  ^ 


and  e®'. 

— A A^y  I 

5.lix  = e y , I 

6.  Prove  Taylor’s  Theorem.  Give  two  examples  of  its  us 

7.  State  Maclaurin’s  Theorem.  Expand  a®  and  sin  x. 

8.  If  2/  = sin  fea;,  find  ||  from  first  principles;  also  fii 
the  differential  coefScient  of  a product. 

9.  Differentiate  + ^,2  ^ ^ sin-ia:,  ai 


X 
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10.  Find  if  y = 
a 


1 + X 
1 — x' 


11.  Expand  sin  (x  + a)  in  powers  of  a by  Taylor’s 
Theorem,  and  afterwards  put  x = 0. 

12.  Find  the  value  of  y- — yr—, — \ when  x = 0, 

log  (1  4- 

13.  If  c be  the  hypotennse  of  a right-angled  triangle, 
find  the  lengths  of  the  other  sides  when  the  area  of  the 
triangle  is  a maximum. 

14.  If  V = find  ^ m <C,n, 

^ ’ dx^  ^ 


15.  Describe  the  meaning  of  du  = dx  + ^ 

16.  If  u = log  tan  -,  prove  that  ^ 

^ X dx  dy  dy  dx 

17.  Find  the  value  of  ^ when  x = 0, 

SlU’^  X 

18.  If  is  a function  of  y and  z,  and  these  are  both 
functions  of  x,  prove  that 


d u 
d X 


d y /du\  d z 
dx  \d  zj  dx 


Explain  the  meaning  of  this  equation.  Give  illustrations. 

If  u z‘^  + + z y^  and  z = sin  x,  y = e^,  find  ^ in  two 

d X 


ways. 

19.  Prove  the  rules  for  finding  maxima  and  minima 
values  of  a function.  Illustrate  by  a curve. 

20.  Find  the  strongest  rectangular  beam  which  can  be 
cut  from  a cylindric  tree.  Find  also  the  stififest  beam. 

21.  If  the  motion  of  a piston  worked  by  a crank  of  length 
r,  and  connecting  rod  of  length  Z,  is  such  that  its  distance  a;, 
from  the  end  of  its  stroke  when  the  crank  makes  an  angle  0 
with  the  line  of  centre,  is  approximately  x = r (1  — cos  O') 
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+ (1  - cos  2 ff),  find  the  acceleration  when  6 = 30'' 

4:  Z 


r = 1 ft.,  Z = 5 ft. 

22.  Find  the  limiting  value  of 


X — 1 


when  a?  = 1. 


x^  - 1 

23.  Prove  the  expressions  for  the  suhtangent,  subnormal, 
and  intercepts  on  the  axes  by  the  tangent  at  any  point  to  a j 
curve. 

24.  Find  the  equations  of  the  tangent  and  normal  to  a 
curve  at  any  point.  Find  these  for  the  point  (1,  6)  on  the^ 
curve  = 36ir. 

25.  Expand  by  Maclaurin’s  Theorem.  In  your  answe: 
put  a = e 


26.  Expand  log  (1  + x)  and  tan  - i x. 


_ _ tan  X ^ X , 

27.  Find  the  true  value  ot  : — when  x = i). 


\ 


X — sin  X 

28.  Divide  100  into  two  parts,  so  that  five  times  thei 
square  of  one  part  and  three  times  the  square  of  the  other  j 
part  shall  he  a minimum. 

29.  If  V = E C + *01  and  if  C = 50  sin  find 


V,  and  roughly  indicate  the  nature  of  C and  Y by  curves. 

30.  Find  the  area  of  an  indicator  diagram  if  the  law  o 
expansion  is  p v = const.  Find  pe  in  terms  of  p^,  p^,  and  r 
and  the  amount  of  work  per  cubic  foot  of  steam,  pe  being 
effective  pressure,  p^  initial  pressure,  and  p^  back  pressure 
Find  r for  a maximum  amount  of  work  per  cubic  foot  ol 
steam,  assuming  no  condensation. 

31.  Find  the  expressions  for  the  position  of  the  centre 
and  the  radius  of  curvature  of  any  curve  at  any  point. 

32.  Find  the  radius  of  curvature  at  the  vertex  of  the 
parabola  y = mx^. 

33.  Write  out  the  integrals  of  a)' 


cc  — a + X 


.2’ 
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34.  Wliat  is  the  rule  for  integrating  by  parts  ? Apply  it 
in  the  integration  of  V 

I 34a.  Find  the  equation  to  the  cycloid.  Find  the  length 
t of  the  curve. 

35.  Compare  the  volumes  of  a paraboloid  of  revolution,  a 
cone  and  a cylinder  on  the  same  base  and  of  the  same  height. 

36.  Find  the  shape  taken  by  a flexible  chain  loaded 

^ ■ uniformly  horizontally. 

37.  If  V = EC  + L andC  = a sin  find  V. 

i'  at  X 

f 38.  Find  the  area  of  the  hypothetical  indicator  diagram, 
.the  law  of  the  expansion  being  pv^  = const.,  and  afterwards 

the  work  done  per  cubic  foot  of  steam.  Cut  off  at  - of  the 

r 

stroke. 

^ 39.  Find  the  moment  of  inertia  of  a cylinder  about  its 

- axis. 

40.  Integrate 

t (x‘^  + 7 X 12)  “1,  (1  + a;  + “ b sin  m x, 

( V a^  — x‘^,  and  sin  m x cos  n x. 


% 

V 


41.  Explain  how  we  determine  the  most  economical 
electrical  conductor  (a)  for  a constant  current,  (5)  to  deliver 
a definite  amount  of  power  at  a distant  place. 

42.  120,000  watts  are  to  be  delivered  3 miles  away ; 
dynamo  voltage  1000.  Find  the  proper  conductor.  Compare 
the  answer  with  answer  given  by  Lord  Kelvin’s  rule. 

43.  A straight  uniform  beam  is  fixed  at  one  end  and 
loaded  at  the  other;  And  its  shape  when  loaded. 

/2TC  ^ /^•2  TT 

sin^  kx  dx,  sin  k x cos  r xdx. 

o Jo 

45.  Investigate  the  equation  to  the  catenary.  Find  the 
length  of  an  arc  of  it,  and  its  area. 

46.  Define  sin  hx,  cos  hx,  tan  h x,  sin  x and  cos  x. 

47.  Integrate 

(1  — 2x  + 2 (1  -|-  a?  — (a  -f-  6 cos 

X log  X,  and  e®  . 
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48.  Find  the  area  of  the  segment  of  an  ellipse. 

49.  Find  the  surface  generated  by  the  revolution  of 

V=l{e^  + e-^ 

about  the  axis  of  X. 

60.  If  V = a + 6sinn^,  find  O when  V = K04-L~> 

Give  the  complete  value  of  C.  Why  do  we  not  usually  give  ’ 
the  complete  value  ? 

61.  Neglecting  evanescent  terms,  given  V = «»  sin  n t, 
find  the  current  in  a circuit  which  has  resistance,  self- 
induction  and  capacity. 

62.  Prove  the  rules  for  the  development  of  a function  in 
Fourier’s  Series. 

63.  If  C = -f”  ^ 6]-  cos  p t + sin  2 p J -f 

62  cos  2p  t &c.,  what  does  a meter  measure ? 


64.  Solve  4-a^  + 6a;  = 0. 
dr  at 


Show  how,  as  a in- 


creases from  0,  the  nature  of  the  solution  changes.  Apply  to 
any  dynamical  or  electrical  problem. 

66.  State  exactly  what  is  meant  hj  Mdx  + IS!  dy  being 
a complete  differeutial.  What  is  the  test ? Why? 

66.  Integrate  xy  (1  x'^)dy  — (1  + 2/^)  d aj  = 0^ 


X dy  ~~  y d X — V x"^  + y"^  d x = 0^ 


67.  Integrate 

a;  (1  - *2)  p + (2  *2  - 1)  t,  =:bxK 

a X 


^ _„dy 
dx‘^  dx 


+ 12  ^ = 0. 


68.  Solve  t?  -f  f 0 V + n^v  = 0,  showing  the  various 
kinds  of  solution  for  different  values  of  / and  n.  Apply  the 
solution  either  to  the  discharging  of  a condenser  or  to  the 
damping  of  vibrations  of  a body. 
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59.  Prove  the  rule  for  destroying  the  effects  due  to  self- 
induction  in  a branch  of  a network  of  conductors. 

60.  Explain  what  is  meant  by  r + - in  electrical 

problems.  If  C is  constant,  find  the  condition  of  maximum 
economy.  What  is  t usually,  and  on  what  assumption? 

61.  Operate  with 

a + h6  + G6‘^  + d 6^ +e  6^ 


upon  A sin  let;  6 means  — . 

at 

62;  Find  r and  K so  as  to  destroy  effects  of  self-induction, 
for  all  outside  circuits.  Current  following  any  law  whatever. 
63.  Develop  the  periodic  function 


64.  Integrate 
d X 


/; 


r dx  r dx  r dx 

jl  + x-x^'  jx^  + 4x+~5’  J - ax 
d X 


a X — X 


,2» 


+ 4 + 5 ’ 

f mx  dx^  and  Je^^xdx, 


65.  Find  the  area  of  a loop  of  the  curve  cos  3 6. 

66.  Find  the  moment  of  inertia  of  a rectangle  about  a 
line  through  its  centre  parallel  to  one  side. 

67.  Find  the  centre  of  area  of  a sector  of  a circle. 

68.  Find  the  law  of  *tension  in  a belt  on  a pulley  when 
slipping  is  occurring. 

69.  Find  the  law  of  leakage  from  an  electric  condenser 
through  a constant  resistance. 


250 


MISCELLANEOUS  EXAMPLES. 


70.  When  is  </>  (oj,  y')  d x if/  (x,  y)  dy  a complete  dif- 
ferential ? 

71.  When  is  x cos  x a maximum  or  minimum  ? 

72.  Integrate  (1)  sin  x cos  y dx  ^ cos  a;  sin  d ?/  = 0. 

d V 

(2)  -r h COS  a;  V = sin  a?  cos  x. 

^ ' dx 


(3)  («/  - a;)  2/  + «/  d a;  = 0. 

^ ^ + y = 0- 


73.  Investigate  the  motion  of  a body  vibrating  under  the 
action  of  a frictional  resistance. 

74.  What  is  the  meaning  of 


Illustrate  by  an  example. 

75.  Find  the  tangent,  normal,  subtangent  and  subnormal 
to  x'^  y!^  = a, 

76.  In  the  curve  whose  equation  is  ajt  + = at,  show 

that  the  part  of  the  tangent  intercepted  between  the  axes 
is  a. 


77. 


r dx  r 


r X' 

j (*  - 1) 


d X 


ly  ly 


ic^  ^/ a 4-  X dx 

a" ' ■ 

78.  Find  the  volume  and  surface  of  a paraboloid  of 
revolution  bounded  by  a section  at  right  angles  to  the  axis. 

79.  Find  the  moment  of  inertia  of  an  ellipse  about  its 
major  axis. 

80.  Prove  that  the  moment  of  inertia  of  a body  about 
any  axis  is  equal  to  its  moment  of  inertia  about  a parallel 
axis  through  its  centre  of  mass,  plus  the  whole  mass  multi- 
plied by  the  square  of  the  distance  between  the  axes. 

81.  Find  the  moment  of  inertia  of  a circle  (a)  about  its 
centre,  (h)  about  a diameter. 

82.  Find  the  moment  of  inertia  of  a sphere  (a)  about  its 
centre,  (b)  about  a diameter. 
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83.  Find  the  moment  of  inertia  of  a right  cylinder  about 
its  axis. 

84.  Solve  {2x  + 4:y  + l)dx-\-{x-]rly  + l)dy  = 0. 

85.  Neglecting  evanescent  terms,  given  V = asinnt, 
find  the  current  in  a circuit  which  has  resistance  R,  capacity  K, 
and  self-induction  L. 

86.  Develop  the  periodic  function. 


87.  Express  the  motion  of  the  piston  of  a steam  engine 
approximately  as  two  simple  harmonic  motions. 

88.  With  the  hypothetic  law,  work  per  cubic  foot  of 

steam  = 144  r j - Pa  } - *•  If  Mr.  Willans’ 


best  law  of  cut-off,  r 
depends  on  r. 


P 

— , is  correct,  find  how  x 
Ps  + 10 


89.  Show  that  when  a curve  is  very  Jiat^ 


d^y 


is  its 


curvature. 

dx^  dx 

1st.  When  /is  greater  than  10,  say  / = 12. 

2nd.  When  /is  equal  to  10. 

3rd.  When  / is  less  than  10,  say  / ==  8,  or  6,  or  4, 
or  2,  or  0. 

91.  Plot  the  three  kinds  of  curves  you  obtain  in  Ex- 
ample 90. 

92.  Find  the  area  of  a cycloid,  the  radius  of  the  gene- 
rating circle  being  r. 
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93.  Find  expressions  for  the  position  of  the  centre  o. 
curvature  of  a curve. 

94.  For  what  curves  is  it  true  that  the  subnormal  h 
constant  ? 

95.  Expand  log  (x  + Ji),  and  put  x = 1. 

96.  Integrate  (x^  — 36)“  ^5  sin^  x,  and  cos^  x. 

97.  If  y = X (20  — x'),  for  what  value  of  x will  y have  ih 

d ti 

greatest  value  ? If  = hy,  show  that  y = a 

ct  X 

98.  Show  by  actually  plotting  points  on  squared  papei 
that  if  we  add  the  ordinates  of  y = a sin  x,  and  y = h cos  x,  we  i 

obtain  the  curve  y = \/  + 6^  sin  (x  + e),  where  e = tan“  ^ j 


99.  Write  in  words  the  meaning  of 
8 d‘^  s , ^d  8 


100.  Find  the  maximum  and  minimum  values  of 
(a  + a?)  (6  + a;)  9 + 6 a;  — 7 

X ’ 


and  — -I 

X a — a; 


’ 12  a; -8 

101.  Find  two  factors  of  a,  so  that  the  sum  of  their 
squares  is  a minimum, 

102.  Solve  (3  a;— 72/  + 7)d!?/  + (7a;--32/  + 3)^a;  = 0. 

103.  If  X is  the  distance  of  the  piston  of  a steam  engine 
from  mid-stroke,  0,  angle  of  crank  from  dead  point,  r length 
of  crank,  neglecting  angularity  of  connecting  rod,  x = r cos  0, 

Take  0 = , where  T = time  in  seconds  of  one  revolutio;'  4 

If  weight  of  piston  is  200  lb.,  r = 1 foot.  Make  a diagrat 
showing  forces  acting  on  piston  rod  due  to  acceleration  ( 
piston. 

104.  If  Z is  length  of  connecting  rod,  the  motion  of  piston^ 
may  be  taken  as  very  nearly  being  one  simple  harmonic^ 

motion  plus  a much  smaller  one  of  half  the  period.  Oii 
^2 

X = T cos  ^ ^ ^cw  find  the  diagram  ol; 

^ i 
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accelerating  forces  if  Z = 4 feet.  Observe  that  the  over-tone 
or  “ kick  ” becomes  more  important  in  the  acceleration  than 
it  was  in  the  mere  motion. 

105.  Find  the  subnormal  and  sub  tan  gent  of  the  curve 

whose  equation  is  ==  ^ x, 

106.  Show  that  if  s = a sin  n t,  then 


107.  When  the  rate  of  increase  of  a quantity  is  propor- 
tional to  the  quantity,  or 

d y , 

17 -’‘O’ 


show  that 


y = a 


This  has  been  called  the  compound  interest  law.  Show  that 
it  is  the  law  for  the  sections  of  long  pump-rods,  &c. ; law  for 
leaking  electric  condensers ; law  for  belts  slipping  on  pulleys ; 
law  for  atmospheric  pressure  as  one  changes  in  level;  and 
many  other  cases, 

108.  If 

y = A sin  n a;  -f  B cos  n x, 

where  A and  B are  any  constants  whatever. 

109.  Find  the  area  of  the  curve  y = ax'^  between  the 
ordinates  x = x and  x = X2»  Show  the  shape  of  this  curve 
when  w = 2,  when  w = and  when  n = — 1*1.  The  answer 
is  indeterminate  when  = — 1.  What  is  then  the  area? 

110.  Find  the  volume  and  surface  of  a sphere. 

-r  , , i ^ 1 

111.  Integrate  tana;,  — nr~4^  i '-"o?  — 

^ a + bx^  Vl-a;2  a-|-5a;^’ 

a;  — 2 


(1  + x^y 
^2 


X V 


2 X 2 / a -\r  X 


Vaj-fa+Va;’  Va®  — a;®^  ^ 


and 


{a  + h xy* 
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112.  Integrate  ; sliow  that  we  obtain  quiti) 

p X + q ^ . 

different  answers  for  certain  values  of  p and  q, 

113.  Integrate  (5  a;^  + 4 a;  + 8)- 1,  anl 

X -T  Jf  ~r  q 

r dx  r dx 

compare  and  J 

114.  Integrate  by  parts — 

X log  X,  x^^  and  x^  e®*. 

115.  If  + + find  velocity  and  acceleration. 

What  are  a,  h,  and  c?  If  s = a sin p t,  find  velocity  and 
acceleration.  What  do  a and  p mean?  Deduce  the  rule  for 
finding  the  periodic  time  in  simply  vibrating  bodies. 

116.  Find  the  result  of  the  operation — 

A + B(9  + C^"  + D(9" 
a + bO  + cO  + d 6^ 

upon  msinpf.  Use  this  in  finding  the  current  in  a circuit 
whose  E.M.F.  is  msinp^,  with  resistance  E,  self-induction...^ 
L,  and  having  in  series  a condenser  of  capacity  K.  If  there  ^ 
is  no  E.M.F.,  find  the  current  (that  is,  find  the  surging 
current  when  the  condenser  is  discharged  through  this  ^ 
circuit). 

117.  Prove  Taylor’s  Theorem.  Expand  sin  a;  by  Mac- 
laurin’s  Theorem. 


118.  Illustrate 


d'^u 


u 


by  taking  u = log  ^tan  . 


dx  dy  dy  dx 

119.  What  are  the  rules  for  finding  maxima  and  minima 
values  of  a function  of  one  variable  ? Illustrate  by  curves. 
The  volume  of  a cylinder  being  fixed,  find  its  height  h and 
radius  r when  the  sum  of  the  areas  of  its  convex  surface  and 
one  end  is  a minimum. 

120.  Find  the  tangent  through  the  point  (1,  5)  to  the 
curve  y = axi, 

121.  Find  the  curvature  at  the  origin  in  the  curve^ 
y = axh 
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122.  A straight  beam  of  uniform  section,  fixed  at  one  end 
and  loaded  uniformly.  Find  its  shape. 

123.  Integrate 


2 


dx^ 


d^ 

dx 


- 15  2/  = 0, 


and 


d^ 

d x^ 


2 


d^ 

d X 


+ 5 2/  = 


0 


124.  A man  sitting  in  a train  says : “We  are  now  going 
at  sixty  miles  an  hour.”  What  does  he  mean?  Illustrate 
your  answer  by  a curve. 

125.  Find  the  square  root  of  mean  square  of 

126.  Compare  the  areas  of  a parabolic  segment,  a rectangle, 
and  a triangle  on  the  same  base  and  with  same  height. 

127.  Prove  that  a chain  loaded  uniformly  horizontally  is 
a parabolic  curve. 


128.  What  curves  have  their  subtangents 


^2  9 


129.  Find  by  integration  the  centre  of  gravity  of  a 
^.egment  of  a paraboloid  of  revolution  whose  base  is  per- 
pendicular to  its  axis. 

130.  Find  the  moment  of  inertia  of  a circular  cylinder 
about  a diameter  of  one  of  its  ends. 

131.  Integrate  — - ^ ^ ^ and  ^ 


x^  + x^^  — 2 X 


132.  Integrate 


1 + X , dx  _ ^ 
1 + 2/  ^2/“  ’ 


y ^ x'^  + = X 


a h X c x^' 


dy 


dx 


133.  State  the  rule  for  solving  linear  differential  equations 
with  constant  coefficients.  Find  y if 


(0  - a)  ((9  - (l9  - y)  2/  = 0. 

134.  Find  the  volume  and  surface  generated  by  the  revo- 
lution of  an  equilateral  triangle  about  a line  passing  through 
icS  vertex  parallel  to  its  base. 

135.  If  the  law  of  expansion  of  steam  in  the  cylinder  of  a 


256 


MISCELLANEOUS  EXAMPLES. 


I- 


steam  engine  be  pv'^  = const.,  tbe  work  done  per  stroke  i: 
foot-pounds  is 


al 


hr~^  — r”  ^ 
h^l  ~ 


1 

where  I is  the  stroke  in  feet,  a the  cross-section  of  the  piston 
in  square  inches,  p'  the  initial  pressure,  the  back  pressure, 
the  cut-off  taking  place  at  one  rth  of  the  stroke.  Prove  this 
What  is  the  true  value  when  Z:  = 1 ? 

136.  Find  the  volume  generated  by  a cycloid  revolving 

about  its  base.  j' 

137.  Find  the  moment  of  inertia  of  an  ellipse  about 

diameter.  | 

138.  Find  the  shape  assumed  by  a uniformly  heav} 
telegraph  wire  hanging  between  two  points  of  support. 

(P  V 

139.  Solve  + Py  = QO&  m x,  " 

(Xi  X 

140.  Solve  — 2 a ~ = e*.  I 

a ax  ■ \ 
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Centre  of  a Plane  Area  and  Centre  of  Mass. 

sum  of  the  moments  of  all  the  elements  of  any  plane 
Jea  about  a line  in  its  plane  is  equal  to  the  moment  of  the 
aole  area  about  the  same  line. 

In  the  accompanying  figure  it  is  required  to  find  the 
%tre  of  the  area  A B.  Let  the  co-ordinates  of  the 
mtre  of  area  be  (Jc  and  y. 


Suppose  the  area  to  be  split  up  into  an  indefinite  number 
^ strips  parallel  to  the  axis  of  Y,  the  breadth  of  each  being 
c.  Let  the  height  of  any  one  of  these  strips,  at  a distance 
from  the  axis  of  Y,he  y ; then  the  area  of  this  strip  will 
3 y dx.  The  whole  area 

A 0^2  ^ ~ 2/  ^ ^ • 

^ ' J 

s 
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The  moment  of  an  element  about  the  axis  of  y xy  dx^ 
the  sum  of  the  moments  of  all  the  elements  is 


r«2 

J 


xy  dxy 

and  the  moment  of  the  whole  area  is 

ydx, 


therefore 


J 


xydx 


r 

j »i 


. . O;) 


y dx 


This  is  a general  formula  for  the  x of  the  centre  of  any  |)lan^ 
area  in  rectangular  co-ordinates. 

To  get  y we  take  moments  about  the  axis  of  X,  therelfore 


JX2  rX2 

ydx=  \y^dx-, 

Xi  J 


1 


therefore 


y = 


jp 

J 


y"^  d X 


r 

J 


' d X 


• cp 


a general  formula  for  the  y of  the  centre  of  any  piano  area. 

i 

Example.  | 

Find  the  centre  of  area  of  the  parabola  = 4 a?  between 
the  limits  a?  = 0 and  a;  = 10. 

Here 

■^10 

xydx 


r 

X = M 


/lO 
0 


y dx 
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and 


y =1  2 


If  the  equation  of  the  curve  he  given  in  polar  co-ordinates 
v^here  the  origin  is  the  pole  and  the  axis  of  X is  the  initial 
ine,  and  we  require  the  x and  y of  the  area  0 A B. 


Imagine  the  area  OAB  divided  up  into  an  indefinite 
number  of  triangles  whose  common  vertex  is  0,  one  of  them 

being  /v)  P Q.  The  area  of  0 P Q is  \r^de  where  r = 0 P 

and  js  is  the  vectorial  angle  of  P. 

S 2 
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mass. 


and 


The  X of  the  centre  of  area  of  O P Q is  - r cos  0,  and  tl 

o 


of  it  is  - r sin  G 
o 


Hence 


J 


'2  1 

- r cos  G -r^  do 
d 2 


) 


that  is, 


between  proper  limits. 
Similarly, 


y-r-^de 

1 

cosG  dG 

fr^de 

(M  ICO  1 
1 

sin  e 0 

jr^dG 

) 


0 


blan^ 

fore 


(^'i 


(3)  and  (4)  are  general  formulae  for  the  x and  y of 
centre  of  any  plane  curve  whose  polar  equation  is  given. 


Example. 


a. 


Find  the  centre  of  area  enclosed  by  the  curve  wl 
requation  is 

r = a (1  + cos  e). 

This  curve  is  symmetrical  about  the  axis  of  X,  cc’ V ^ 
quently  y = 0.  \ \ i 


)en 


I r (1  + cos cos  GdG  I (^  + A 

^ J 0 _ ^ ^ J 0 ;} 


(1  -(-  cos  Gy  dG  />  + cos  d j 


\v. 


cr 
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am 


herefore 


3sin20  , o ■ a • 30  I 1 ^ • oo  r sinScos^^- 
— (-3sm0-sin’0  + — + jgSm20  + 


To  I o • 0 1^1  sin2  0'l’r 

I 0 + 2 Sin  0 + - + 


2 

2 5 

x = -ax-^  = 


4 
5 a 

T' 


]: 


Centre  of  Mass  of  Solid  of  Revolution. 


Let  a solid  be  generated  by  the  revolution  of  a curve  or 
I straight  line  about  the  axis  of  X.  Any  section  made  by  a 
* plane  perpendicular  to  the  axis  of  X will  be  circular.  Let  y 
be  the  radius  of  any  section  at  a distance  x from  the  origin. 
^ An  element  of  volume  will  be  dx  where  dx  the 
thickness  of  the  disc. 

The  moment  of  this  element  about  the  origin  will  be 
Trxy’^dx. 

Hence 


that  is, 


f'TTxy’^dx 

Jiry^^dx 

fy^dx 

Example. 


(5) 


Find  the  centre  of  mass  of  a cone  whose  height  is  Ti  and 
radius  of  its  base  is  r. 

Taking  the  vertex  as  origin  and  axis  as  the  axis  of  X,  the 
radius  of  a right  section  at  a distance  x from  the  origin  is 
be  f T X 
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therefore 


Hence 
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X = 


j: 


~w 


P* x^dx 

nh 

d X 

x^^dx 

_4  J 

lo 

"sen 

r 

|o 

-I- 


Centre  of  Mass  of  an  Arc  of  any  Uniform  Plane 
Curve. 


Let  A B be  an  arc  of  a curve  whose  centre  of  mass  we 
require.  For  simplicity  we  shall  assume  the  mass  of  unit 
length  to  be  unity. 


Consider  an  element  of  arc  P Q = c? «.  The  moment  of 
this  element  about  the  axis  of  Y is  xds.  The  whole  arc  A B 
is  /cZ  a ; therefore 

xjds^jxds^ 


(xds 

« = -yt- 
fds 


(1) 


that  is. 


OF  ANY  UNIFOKM  PLANE  CURVE, 
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Similarly, 


y = 


jds 


(2) 


(1)  and  (2)  may  be  written  in  the  form 


JV 

{'+ 

f<iy\ 

\dxJ 

"\dx 

/V{ 

l+( 

dx/- 

^dx 

y = 


ft>V 

1'^ 

/dy) 

\dxj 

'Idx 

M 

^+( 

^d  xj 

^dx 

(3^ 


since  d b =z  aJ  + {d  yf  =\/ 1 ^ | ^ 

^ Using  polar  co-ordinates  we  have,  instead  of  x and  r cos  0 
3 and  r sin  0 respectively. 

Hence  formulae  (3)  become 


X = 


J r cos  e ^ 

\ d 0 

J 

‘+0'\ 

(4) 


y = 


(5) 


Examples. 

(1)  Find  the  centre  of  area  of  the  parabola  = 100  a, 
between  the  limits  a;  = 0,  a;  = 16. 
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(2)  Find  the  centre  of  area  of  a quadrant  of  a circle. 

. 4 r 

Ans,  X = y = — . 

O TT 

(3)  Find  the  centre  of  area  of  the  curve  whose  equation 
is  r = 12  (1  + cos  0). 

Ans,^  = 10. 

(4)  Find  the  centre  of  mass  of  a hemisphere  of  uniform 
density. 


(5)  Find  the  centre  of  mass  of  a hemisphere  whose  density 
varies  as  the  square  of  the  distance  from  the  centre. 


Ans, 


(6)  Find  the  centre  of  area  of  a sector  of  a circle  whose 

angle  is  2 0. 

. 2 sin  0 

Ans,  X = - r . 

3 e 


(7)  Find  the  centre  of  mass  of  the  paraboloid  of  revo- 
lution whose  generating  curve  is  given  by  the  equation 

= 4x  between  the  limits  a?  = 0 and  x = 30. 

Ans,  X = 20. 

(8)  Find  the  centre  of  mass  of  a frustum  of  a cone. 


Theorem  of  Parallel  Axes. 

The  moment  of  inertia  of  a body  about  any  axis  exceeds 
its  moment  of  inertia  about  a parallel  axis  through  its  centre 
of  mass  by  the  product  of  the  mass  into  the  square  of  the 
distance  between  the  parallel  axes. 

Proof, — In  the  accompanying  figure  let  AB  be  an  axis 
through  the  centre  of  mass,  and  let  C D be  a parallel  axis  at  ^ 
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a distance  a from  A B.  The  moment  of  inertia  of  an  element 
of  mass  m about  C D is 

m (a?  + a)^. 


The  moment  of  inertia  I of  the  whole  mass  about  C D is 

But  S m is  the  moment  of  inertia  Iq  of  the  mass  about  A B, 
and 

'Z2amx  = 2a%mx  = 0; 

also  2 m = M where  M is  the  whole  mass ; therefore 

I = Iq  “f“  . . • # 

(1)  is  also  true  for  an  area  if  we  substitute  A the  area 
instead  of  M, 

I = Io  + a2A (2) 


Examples. 

Find  the  moment  of  inertia  of  a circular  area  (1)  about 
a tangent  perpendicular  to  its  plane ; (2)  about  a tangent 
in  its  plane. 

By  Art.  (210)  the  moment  of  inertia  of  a circular  area 
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about  an  axis  through  its  centre  perpendicular  to  its  plan 

77 

is  , therefore  by  (2) 

2 


3 7rr^ 


I = -^  + X 


answer  to  (1). 


T 5 7rr^ 

I = — + TT  r2  X , 


answer  to  (2). 


Find  the  moment  of  inertia  of  a sphere  about  a tangent.  > 
By  Art.  (212)  and  (1) 


I = |M»-2  + Mr2  = ^M»-2. 
5 5 


Total  Pressure  on  an  Area  immersed  in  a 
Liquid. 

Let  w be  the  weight  of  unit  volume  of  the  liquid,  A the 
total  area,  a a very  small  portion  of  the  area  A,  and  let 
the  area  be  inclined  to  the  horizontal  at  an  angle  0.  Let 


the  plane  containing  the  area  intersect  the  surface  of  the 
liquid  in  the  line  C D. 
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The  pressure  on  an  element  of  area  a is  proportional  to  the 
vertical  depth  below  the  surface,  therefore  the  pressure  on 
a,  at  a distance  x from  C D,  is 

w xa  sin  0, 

The  total  pressure  is  ^wxa  sin  6,  that  is 
w sin  0%ax, 

But  by  the  principle  of  moments 

w sin  0 ^ a X = w sin  6 

where  x is  the  distance  of  the  centre  of  area  from  C D.  This 
proves  that  the  total  pressure  on  an  immersed  area  is  equal 
to  the  product  of  the  area,  the  depth  of  the  centre  of  area 
below  the  surface  and  the  weight  of  unit  volume  of  the 
liquid. 


Example. 

Find  the  total  pressure  on  a circular  area,  3 feet  in 
diameter,  the  centre  of  the  circle  being  4 feet  below  the 
surface  of  water. 

Pressure  = *7854  x 3^  x 4 x 62*4  lbs. 

62*4  lbs.  being  the  weight  of  a cubic  foot  of  water. 


Depth  of  Centre  of  Pressure  on  an  immersed  Area. 

The  pressure  on  an  element  of  area  a is 
wax  sin  0, 

and  the  moment  of  this  pressure  about  the  line  C D is 
wax^  sin  0. 

The  total  moment  is  2 w?  a x^  sin  0,  which  is 
w sin  0 S a 
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But  this  is  equal  to  the  moment  of  the  total  pressure, 'M 
about  C D ; that  is 


X to  sin  e Ax  = 10  sin  ; 


therefore 


^ sin  6'^  a 


S a 


w sin  0 Ax 


A X 


where  X is  the  distance  of  the  centre  of  pressure  from  the 
line  C D ; that  is 


X = 


Moment  of  inertia  of  A about  C D 


Distance  of  centre  of  area  from  C D x A * 

Example. 


Find  the  depth  of  the  centre  of  pressure  on  a vertical 
circular  area  of  radius  2 feet,  whose  centre  is  6 feet  below 
the  surface. 


X = 


TT 


Trr^  a 


where 


r = 2 and  a = 6. 


37 


X = — = feet  = 6 feet  2 inches ; 


that  is,  the  centre  of  pressure  is  2 inches  below  the  centre  i 
of  the  circle.  ^ J 


Vibrations,  Natural  and  Forced. 


A mass  of  M lb.,  suspended  by  a spiral  spring  which  ^ 
elongates  one  foot  when  pulled  by  a force  of  /x  poundals,  wil.  i ^ 
continue  to  move  up  and  down  with  a simple  harmonic  motion/\T 
with  undiminishing  amplitude,  provided  there  be  no  fric*  ^ ; 
tional  resistance  to  the  body’s  motion.  ^ % 
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When  a spiral  spring  is  subjected  to  a pull  or  push  along 
its  axis,  it  is  fonnd  that  the  displacement  is  proportional  to 
the  force  exerted,  a condition  necessary  to  pro- 
duce simple  harmonic  motion. 

When  the  mass  M is  displaced  from  its 
mean  position  a distance  of  x feet,  the  restor- 
ing force  is  therefore  fi  x ponndals.  Using  the 
fundamental  equation 

Force  (poundals)  = acceleration  x mass  (lb.), 
we  have 



since  the  expression  for  an  acceleration  is  where  x is  the 

displacement  and  t is  the  time  in  seconds  reckoned  from  some 
instant.  The  negative  sign  on  the  right-hand  side  of  (1)  is 
accounted  for  by  the  fact  that  the  restoring  force  acts  in 
such  a way  as  always  to  bring  the  body  to  its  mean  position. 
From  (1)  we  have,  by  dividing  by  M and  transposing. 


d?  X a 

+ M * = 


(2) 


The  solution  of  (2)  is  got  by  assuming  x = he'^^,  and 
forming  the  auxiliary  equation,  the  roots  of  which  are 

— 1,  or, 

consequently  the  general  solution  to  (2)  is 


Now 


aud 


— QQg  V — 1 sin  a f, 

^-aV  - _ (jQQ  a < — V — 1 sin  a t, 


• (3) 
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therefore  the  solution  of  (3)  is 

* = AcosAy^<  + Bsin,Y/g<.  . . (4) 

If  we-  reckon  time  from  the  instant  the  body  is  passing 
its  mean  position,  we  have 

0 = A cos  0°  + B sin  0°, 

therefore 

A = 0. 

Hence 


= B sin  < (5) 


M 

Again,  suppose  the  velocity  0 when  f = 0,  from  (4)  we 
have,  by  differentiating. 


0 = AX0  + B^^ 
Therefore  (4)  becomes 


M* 


M V M 
B = 0. 


* = Acos^y 

if  we  reckon  time  from  the  instant  the  body  is  at  its  maximum 
displacement  A. 

To  find  the  time  of  one  complete  oscillation,  we  have 

2 TT  / jUL 

T^  " V M ’ 

where  T is  the  periodic  time. 

Example. 

Suppose  M = 40  lbs.  and  let  /x  = 60  poundals ; 

T = 2 X 3*14  X *816  = 5’12  seconds. 
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Suppose  the  mass  to  vibrate  in  a resisting  medium,  whose 
frictional  resistance  is  2/ poundals  when  the  velocity  is 
1 foot  per  second,  and  suppose  the  friction  proportional  to 
the  velocity,  then  the  equation  of  motion  is 

The  roots  of  the  auxiliary  equation  of  (6)  are 


First  suppose' 

fl/J^ 

M2\M’ 

and  let 

therefore  

m = — a ± y8  where  ^ = V — 1. 

Hence  i 

X = ^ e (“  « + ^ e (~  a - /3  0 

a;  = e - { A cos  yS  ^ + B sinyS  • (7) 

where  A and  B are  constants.  (7)  may  be  expressed  in  the 
form 

cc  = C 6 - sin  (yg  ^ + 6)  . . . (8) 

where  C = V A^  + B^,  and  tan  0 ^ . 

B 

If  X be  plotted  vertically,  and  t horizontally,  we  get  a 
curve  as  shown  in  the  accompanying  figure. 

Equation  (8)  takes  different  forms  according  to  where  we 
choose  the  vertical  axis. 

If  we  take  the  origin  at  the  point  where  the  curve  cuts 
le  time  axis,  equation  (8)  becomes 

aj  = C e sin  y(5  < . . . . (9) 
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In  a particular  case  the  periodic  time  T was  observed  to 
be  1*2566  seconds,  and  the  ratio  of  to  x^,  x^  to  X2,  &c.  was 


•284;  /X  was  116  poundals  and  Xi  was  *1  foot.  The  mass 
M,  frictional  resistance  2 / and  C were  found  in  the  following!' 
way.  P 

Equation  (9)  gives  the  displacement  x^  at  any  instani 
seconds.  The  displacement  X2  at  time  S t is  ( 

X2  = G e - + 50  sin  /?  (<i  + 8 /)  ; 

that  is, 

X2  = e - C e - ‘='^1  sin  ^ (#1  + 8 1). 

Similarly, 

X2  = e - 0 e sin  jS  (Ji  2 S f).  | 

Let  8 t have  such  a value  that 


13  8t  = TT, 


therefore 

sin  (3t-^  = sin  (3  (t-^  + 2 8 i)  \ 

therefore 

^3  ^ g_2aS«  = (-284)2; 

*1 

that  is, 

- 2aht  = 2-302  X 2 log.  -284, 

whence 

a8«  = 1-2566. 
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Again,  St  = — X periodic  time  = • 628, 

. <v  ^ 3-1416 

andy3St  = rr,  = 5. 

Also  a St,  which  is  called  the  Logarithmic  decrement, 

is  1 * 2566  ; 

1*2566 


Again, 


-herefore 


•628 


= 2. 


116 


25  = 4,  whence  M = 4 lbs. 


id 


/ = 2 M = 8 ponndals. 


To  get  C,  Xi  was  found  to  be  * 1 foot,  and  the  corresponding 

alue  of  measured  from  the  origin  was  one-fourth  of  the 

. ..  ..  1*2566  ... 

eriodic  time  = — * = *314, 

4 

*1  = e-2x*3i4  C sin^, 

z 


whence  C = *1871  foot,  the  maximum  displacement,  if  there 
were  no  friction, 
herefore 

a;  = e - 2 i • 1871  sin  5 t. 


Suppose  / to  gradually  increase,  consequently  ^ will  get 

2 TT 

smaller  and  smaller,  but  ^ , where  T is  the  periodic 

time,  therefore  T will  get  greater  and  greater  as  / increases, 
and  when 

/I  - /i.. 

M’ 

T 
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that  is,  when  the  two  roots  of  the  auxiliary  equation  are 
equal,  the  solution  is 

+ , . . (10) 

where  A and  B are  constants  depending  upon  given  data. 
From  (10)  it  is  obvious  that,  as  time  goes  on,  x diminishes, 
'but  can  never  become  negative,  if  A and  B be  positive  ; that 
is,  the  body  approaches  nearer  and  nearer  to  the  position 
which  it  would  occupy  if  there  were  no  friction,  but  never 
reaches  it. 

The  foregoing  solutions  apply  equally  as  well  to  electric 
oscillations,  see  page  236. 

Forced  Vibrations. — In  the  foregoing  investigations 
the  upper  end  of  the  spiral  spring  was  fixed.  Now  suppose 
the  upper  end  of  the  spring  to  get  a simple  harmonic  motion, 
whose  amplitude  is  a and  whose  periodic  time  is  T^,  and  let 
us  assume  that  there  is  no  frictional  resistance,  the  equation 
of  motion  is 

T&-^,  + ^{x-y)  = 0 . . . (12) 

where  x is  the  displacement  of  the  body  from  its  mean 
position,  and  y is  the  displacement  of  the  upper  end  of  the 
spiral  spring  at  any  instant. 

But  y = a sin  pt,  therefore  (12)  becomes 

g^x 

px  = pasinpt  . . . (13) 

d t 

where  p = . 

On  dividing  (13)  by  M and  substituting  for  and 

m for  ^ , we  have 
M 

X 

+ n^^x  = m sin pt  . . . (14) 

Cl  t 

A solution  of  this  equation  is 

X = A sinpt  + B cospt  . . . (15) 
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Differentiating  (15)  we  have 

A sin  p i — B cos  p t 


Substituting  in  (14)  we  get 

— A sinp  ^ — Bp^  cosp  ^ A sin  p ^ B cosp  t^m  sinp  t. 

Equating  the  coefficients  of  sin  p t,  and  also  of  cos  p ^ on 
both  sides,  we  have 

— p2  A + A = wi,  and  — Bp^  + B = 0, 

whence 

A = — X and  B = 0 ; 

— p^ 

therefore  (15)  becomes 

m 

• • • (16) 


Note  that  the  amplitude  of  the  motion  of  M increases  as 
the  value  of  p approaches  that  of  n ; and  when  p is  equal 
to  n the  amplitude  is  infinity. 


Relation  between  the  Periodic  Times  of  a Damped 
and  an  Undamped  Vibration. 

The  general  equation  of  the  motion  of  a body  vibrating 
without  friction  is 

d^x 

—+n-^x  = 0. 

A particular  solution  of  which  is 
a?  = A sin  n t, 

where 

2 TT 


n = 


T 


(1) 


and  T is  the  periodic  time. 
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The  equation  of  motion  of  the  same  body,  where  friction 
is  considered,  is 


d^x 

dfi 


+ ‘if^  + n^x  = 0; 


a solution  of  whicli  is 

X G sin 

consequently 

^ . . . . (2) 

where  Tj  is  the  periodic  time  with  friction. 


From  (1) 

and  from  (2) 

therefore 

fp2  ip  2 ' * 

that  is, 

T2  “ Ti2  ^ 47r2 

This  shows  that  the  periodic  time  increases  as  the  friction 
increases. 
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